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Introduction/Recap of Options 

� American	
  v.	
  European	
  
� Main	
  difference	
  is	
  in	
  the	
  right	
  to	
  exercise	
  

� Call	
  
�  Right	
  but	
  not	
  obliga;on	
  to	
  buy	
  an	
  asset	
  

� Put	
  
�  Right	
  but	
  not	
  obliga;on	
  to	
  sell	
  an	
  asset	
  

� Main	
  uses	
  of	
  Op;ons	
  
�  To	
  hedge	
  risk	
  
�  Specula;on	
  

� What	
  is	
  Arbitrage,	
  why	
  do	
  we	
  assume	
  it	
  doesn’t	
  exist?	
  



Binomial Options Pricing Model (BOPM) 

�  Simple	
  discrete-­‐;me	
  model	
  to	
  
value	
  op;ons.	
  	
  

�  “the	
  value	
  of	
  the	
  call	
  can	
  be	
  
interpreted	
  as	
  the	
  expecta;on	
  
of	
  of	
  its	
  discounted	
  future	
  value	
  
in	
  a	
  risk-­‐neutral	
  world”	
  
(Cox,	
  Ross,	
  Rubinstein	
  1979)	
  

� 𝑢>𝑟>𝑑	
  

	
  	
  



Binomial Options Pricing Model (BOPM) 

� We	
  select	
  Δ	
  and	
  B,	
  so:	
  
�  Δ𝑢𝑆+𝑟𝐵=𝐶𝑢    	
  
�  ∆𝑑𝑆+𝑟𝐵=𝐶𝑑	
  

�  Solving	
  the	
  above	
  leads	
  to:	
  
�  ∆  =​​𝐶↓𝑢   −   ​𝐶↓𝑑 /(𝑢−𝑑)𝑆 	
  
�  𝐵=   ​𝑢​𝐶↓𝑑   −  𝑑​𝐶↓𝑢 /(𝑢−𝑑)𝑟 	
  

� This	
  combina;on	
  is	
  known	
  as	
  the	
  “hedging	
  por\olio”	
  
�  No	
  riskless	
  arbitrage	
  



Binomial Options Pricing Model (BOPM) 
�  With	
  the	
  assump;on	
  of	
  no	
  riskless	
  
arbitrage:	
  
𝐶=  ∆𝑆+𝐵	
  


𝐶= ​​𝐶↓𝑢   −   ​𝐶↓𝑑 /(𝑢−𝑑) + ​𝑢​𝐶↓𝑑   −  𝑑​
𝐶↓𝑢 /(𝑢−𝑑)𝑟 	
  


𝐶=  [(​𝑟−𝑑/𝑢−𝑑 )​𝐶↓𝑢 +(​𝑢−𝑟/𝑢−𝑑 )​
𝐶↓𝑑 ]​1/𝑟 	
  

�  To	
  simplify,	
  define:	
  
𝑝≡  (​𝑟−𝑑/𝑢−𝑑 )	
  
(1−𝑝)≡  (​𝑢−𝑟/𝑢−𝑑 )	
  

�  Thus:	
  
𝐶=  [𝑝​𝐶↓𝑢 +(1−𝑝)​𝐶↓𝑑 ]​1/𝑟 	
  	
  	
  

	
  if	
  𝐶>(𝑆−𝐾)	
  
	
  otherwise;	
  𝐶=𝑆−𝐾	
  

Call	
  Op;on:	
  



Binomial Options Pricing Model (BOPM) 
� The	
  BOPM	
  can	
  be	
  taken	
  further	
  to	
  a	
  more	
  
complicated	
  scenario	
  

�  In	
  this	
  “2-­‐phase”	
  case:	
  
​𝐶↓𝑢 =  [𝑝​𝐶↓𝑢𝑢 +(1−𝑝)​𝐶↓𝑢𝑑 ]​1/𝑟 	
  	
  	
  	
  ​𝐶↓𝑑 =[𝑝​𝐶↓𝑑𝑢 
+(1−𝑝)​𝐶↓𝑑𝑑 ]​1/𝑟 	
  

� Δ,B	
  chosen;	
  and	
  ​𝐶↓𝑑𝑢 = ​𝐶↓𝑢𝑑 :	
  
𝐶=[​𝑝↑2 ​𝐶↓𝑢𝑢 +2𝑝(1−𝑝)​𝐶↓𝑢𝑑 + ​(1−𝑝)↑2 ​𝐶↓𝑑𝑑 ]​1/​
𝑟↑2  	
  

� These	
  get	
  very	
  complicated	
  very	
  quickly	
  

𝐶=  [​𝑝↑2 𝑚𝑎𝑥[0, ​𝑢↑2 (𝑆−𝐾)]+2𝑝(1−𝑝)𝑚𝑎𝑥[0,  𝑑𝑢(𝑆−𝐾)]+ ​(1−𝑝)↑2 𝑚𝑎𝑥[0, ​𝑑↑2 (𝑆−𝐾)]]​1/​𝑟↑2  	
  



Quadratic Approximations 

�  First	
  abempt	
  to	
  tackle	
  op;ons	
  
pricing	
  from	
  a	
  heavily	
  analy;cal	
  
sense	
  	
  

� Abempt	
  to	
  link	
  American	
  
Op;ons	
  to	
  Black-­‐Scholes-­‐Merton	
  

� Directed	
  economists	
  to	
  
simula;on	
  methods	
  (Longstaff-­‐
Schwartz)	
  

	
  



Longstaff-Schwartz Method 

� Use	
  least-­‐squares	
  regression	
  to	
  es;mate	
  expected	
  payoff	
  of	
  an	
  op;on	
  	
  
� Regress	
  discounted	
  future	
  op;on	
  cash	
  flows	
  on	
  the	
  current	
  price	
  of	
  
the	
  underlier	
  associated	
  with	
  in-­‐the-­‐money	
  sample	
  paths	
  

� The	
  Risk-­‐Neutral	
  market	
  model	
  used	
  in	
  the	
  simula;on	
  is	
  the	
  
Stochas;c	
  Differen;al	
  Equa;on:	
  
𝑑𝑆=𝑟𝑆𝑑𝑡+𝜎𝑆𝑑𝑍	
  
�  𝑟	
  is	
  the	
  riskless	
  rate;	
  constant	
  
�  𝜎	
  is	
  the	
  exposure	
  matrix;	
  constant	
  
�  𝑍	
  follows	
  a	
  standard	
  Brownian	
  mo;on	
  

�  Simula;on	
  methods	
  like	
  the	
  LSM	
  are	
  accurate,	
  under	
  assump;ons	
  
known	
  to	
  be	
  wrong	
  (Risk-­‐Neutral)	
  



Future Work/Conclusion  

� Mul;ple-­‐Factor	
  Models/Simula;ons	
  
� Op;mal	
  Exercise	
  	
  
� Behavioral	
  Economics	
  
� Why	
  bother??	
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