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Analysis of damage clusters in fracture processes
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Abstract

We present numerical simulations of two-dimensional models of electric breakdown and frac-
ture in disordered systems subject to an increasing external stress. We provide a geometrical
characterization of the damage by studying the scaling behavior of connected bonds clusters.
The average cluster size and the lattice conductivity show features characteristic of a �rst or-
der phase transition. The obtained results are discussed within the spinodal nucleation scenario
recently proposed for fractures. c© 1999 Published by Elsevier Science B.V. All rights reserved.
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The understanding of fracture in disordered materials [1,2] has recently progressed,
due to new experiments focusing on the statistical properties of precursor events. The
main tool used in these experimental studies is the measure of the acoustic emission
(AE) signal produced by microfractures occurring before breakdown. The experimental
observations of scaling laws suggest a description of fracture as a critical phenomenon.
The response of the material to an increasing external stress takes place in bursts
(avalanches) distributed over a wide range of scale; i.e. with power-law behavior.
Examples are found in the fracturing of wooden composite [3,4], cellular glass [5]
and concrete [6], in hydrogen precipitation [7], in dislocation motion in ice crystals
[8] and in volcanic activity [9]. The avalanche-like response and the scaling properties
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of these phenomena, pose many fundamental theoretical questions. What kind of crit-
ical dynamics is underlying the fracture process? Is it possible to understand fracture
phenomena within the wide context of phase transitions? What is the role of disorder
and temperature in these phenomena? All these questions can be summarized in the
ambitious goal of formulating a statistical thermodynamics of fracture.
The presence of disorder inside real materials is a fundamental point that can strongly

a�ect the microcracks nucleation process [10–12]. For example, cracks may start from
di�erent defects and coalesce [13], in contrast with the assumptions of Gri�th-like
theories [14]. There are situations, encountered for example in material testing, in
which the system is driven by an increasing external stress and the time scale of ther-
mal 
uctuations is larger than the time scale induced by the driving. In those cases,
the system can be e�ectively be considered as being at zero temperature and only
quenched disorder is relevant. This is the situation we have investigated in a series
of papers [15–17]. In these works, we numerically studied the random fuse model
[18–21] and a spring network [22–24]. For these models, we have shown that the pre-
cursor behavior near the breakdown in disordered systems is analogous to the formation
of droplets observed close to a spinodal instability in �rst-order phase transitions [25],
(for a review see [26]).
Here we provide new evidences in favor of the spinodal nucleation scenario by

analyzing the geometrical and connectivity properties of damage clusters. We �nd that
the average damage cluster size does not show any singular behavior and that the lattice
conductivity has a discrete jump, indicative of a �rst-order transition. These results can
be reconciled with the scaling behavior of the precursor avalanche distribution by
invoking the occurrence of a �rst-order transition close to a spinodal point [21,26].
We will consider for simplicity the random fuse model, but the following results are

valid also for the spring network. We simulate the random fuse model [18] on a tilted
square lattice, with periodic boundary conditions in the transverse direction. To every
bond ij of the lattice we associate a fuse of unit conductivity �ij=1. An external current
I or voltage V is then applied to the system by imposing suitable boundary conditions
on two opposite edges of the lattice. When the current in the bond exceeds a randomly
distributed threshold Dij the bond becomes an insulator (�ij = 0). The voltages Vi for
each node are computed solving the Kirchho� equations for the network

∑

j

�ij(Vi − Vj) = 0 ; (1)

where the sum is restricted to the nearest neighbors of site i. The distribution of
thresholds is chosen to be uniform in the interval [1−�; 1+�]. We impose an external
current I through the lattice and we increase it at an in�nitesimal rate. When a bond
fails, we recompute the currents to see if other failures occur. The process is continued
until a path of broken bonds spans the lattice and no current 
ows anymore.
We have presented in Ref. [15,16] the distribution of avalanche sizes, i.e. number

of bonds m that break for a given value of the current, in a particular realization of
the process. We found that P(m; I) ∼ m−3=2f(m(Ic − I)), where Ic is the average
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Fig. 1. The fraction of intact bonds as a function of the current.

breakdown current. By integrating over all the values of the current we get a global
avalanche distribution P(m)∼m−5=2. We have also checked that the cut-o� of the
distribution increases with the system size. A similar result (�' 2:7) for smaller lattice
sizes (L=40) was previously reported by Hansen and Hemmer [27], who also pointed
out the similarity with the predictions of the FBM.
A more detailed analysis can be performed by inspecting the cluster size distribution

n(s; I), which is de�ned as the number of clusters formed by s neighboring broken
bonds when the applied current is I . The moments (Mk(I) ≡

∫
skn(s; I) ds is the kth

moment) of n(s; I) describe much of the physics associated with the breakdown process.
We determine n(s; I) by averaging over the various threshold distribution con�gurations.
The �rst moment M1(I) is the total number of broken bonds due to the current I . We
plot �= 1−M1(I) in Fig. 1 and we note that the curve reminds the variation of the
order paramter with the external �eld in a �rst-order transition. The average cluster size
S ≡ M2=M1 increases with I . However, by plotting S for di�erent system sizes, we
observe that the cluster size is not diverging (Fig. 2). To clarify this point, we con�rm
that S(Ic) does not show scaling with the lattice size L. We �nd similar results for the
spring network, where the cluster size distribution has an exponential cut-o� that does
not change with the lattice size. We also study the number of clusters nc ≡ M0 as a
function of the current and for di�erent system sizes (see Fig. 3). We observe that nc
scales as

nc = L2g(I=L) ; (2)

which is expected for a �rst-order transition.
Next, we study the behavior of the lattice conductivity in the fuse model. We plot

the conductivity averaged over di�erent realizations of the disorder and we observe a
smooth curve with a slope at the breakdown that becomes sharper as the system size
increases (Fig. 4).
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Fig. 2. The average cluster size as a function of the current for di�erent system sizes. Note that the cluster
size does not diverge.

Two principal scenarios have been proposed to explain the scaling behavior of
avalanches prior to rupture. The �rst scenario invokes a continuous phase transition
with a diverging characteristic length. The various cracks inside the lattice should grow
until one of them �nally rules over the others, becoming the incipient spanning cluster.
This is precisely what happens in percolation when the occupation probability p is
increased toward the percolation threshold pc. If this scenario is true for fracture, we
would expect the cluster characteristic size to diverge approaching the critical damage
density, contrary to our results. In the random fuse network a percolation transition
is expected only in the limit of in�nitely wide disorder distributions [28], when the
strength of the disorder clearly dominates over the interactions.
The second scenario, in favor of which we presented numerical and theoretical evi-

dences [15,16], describes fracture as a �rst-order phase transition close to a spinodal-like
instability. The elastic state is considered to be metastable, as soon as a non-zero stress
is applied. Due to the presence of disorder, the system evolves through a series of
metastable states towards the �nal instability. This occurs with the nucleation of cracks
growing up to a critical size sc at which they coalesce forming the macroscopic crack.
Contrary to percolation, in this case there is no incipient spanning cluster prior to rup-
ture. When nucleation occurs close to a spinodal the characteristic length divergence is
not naively related to the 
uctuations of a geometrical quantity such as the crack size,
which is not diverging at the spinodal. In order to describe geometrically the critical
properties, it is necessary to de�ne the clusters in a peculiar way, considering each site
connected with all the others within the range of interactions [29,30]. These 
uctuations
are therefore di�erent from those encountered in a second-order phase transition. It is
worth remarking that the spinodal point is a quite peculiar critical point which, rigor-
ously speaking, exists only in mean-�eld theory, but can be detected when long-range
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Fig. 3. (a) The number of clusters as a function of the current in the fuse model for di�erent system sizes.
(b) The corresponding scaled plot.

Fig. 4. The conductivity as function of I=Ic averaged over di�erent realizations of the disorder. Note that the
discrete jump, indicative of a �rst-order transition, is smoothed for small system sizes.
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interactions are present. In this respect, no scaling is observed in the avalanche distri-
butions when the stress transfer after breaking is local, such as in the local load-sharing
�ber bundle model studied in Refs. [31,32,27].
In summary, we have shown that in disordered materials breakdown processes, only

globally de�ned quantity such as 〈m(I)〉 and P(m) display scaling. On the contrary,
locally de�ned quantities, such as S, do not show any singular behavior. For a critical
phase transition, we would expect also local quantities to show scaling. An exception
to this rule is represented by �rst-order transitions close to a spinodal point, for which
some global quantities display scaling [29,30]; we argue that this case is relevant to
the behavior observed before breakdown.

S. Z. is supported by EC TMR Research Network contract ERBFMRXCT960062.
The Center for Polymer studies is supported by NSF.

References

[1] K.K. Bardhan, B.K. Chakrabarti, A. Hansen (Eds.), Non-Linearity and Breakdown in Soft Condensed
Matter, Springer Verlag, Berlin, 1994.

[2] B.K. Chakrabarti, L.G. Benguigui, Statistical Physics of Fracture and Breakdown in Disordered Systems,
Oxford Univ. Press, Oxford, 1997.

[3] A. Garcimart��n, A. Guarino, L. Bellon, S. Ciliberto, Phys. Rev. Lett. 79 (1997) 3202.
[4] A. Guarino, A. Garcimart��n, S. Ciliberto, Eur. Phys. J. B 6 (1998) 13.
[5] C. Maes, A. Van Mo�aert, H. Frederix, H. Strauven, Phys. Rev. B 57 (1998) 4987.
[6] A. Petri, G. Paparo, A. Vespignani, A. Alippi, M. Costantini, Phys. Rev. Lett. 73 (1994) 3423.
[7] G. Cannelli, R. Cantelli, F. Cordero, Phys. Rev. Lett. 70 (1993) 3923.
[8] J. Weiss, J.-R. Grasso, J. Phys. Chem. B 101 (1997) 6113.
[9] P. Diodati, F. Marchesoni, S. Piazza, Phys. Rev. Lett. 67 (1991) 2239.
[10] R.L.B. Selinger, Z.-G. Wang, W.M. Gelbart, J. Chem. Phys. 95 (1991) 9128.
[11] L. Golubovic, A. Pedrera, Phys. Rev. E 51 (1995) 2799.
[12] L. Golubovic, S. Feng, Phys. Rev. A 43 (1991) 5223.
[13] R. Englman, Z. Jaeger, Physica A 168 (1990) 665 and references therein.
[14] A.A. Gri�th, Philos. Trans. Roy. Soc. London A 221 (1920) 163.
[15] S. Zapperi, P. Ray, H.E. Stanley, A. Vespignani, Phys. Rev. Lett. 78 (1997) 1408.
[16] S. Zapperi, P. Ray, H.E. Stanley, A. Vespignani, Phys. Rev. Lett. E 59 (1999) 5049.
[17] S. Zapperi, A. Vespignani, H.E. Stanley, Nature 388 (1997) 658.
[18] L. de Arcangelis, S. Redner, H.J. Herrmann, J. Phys. Lett. (Paris) 46 (1985) L585.
[19] P. Duxbury, P.D. Beale, P.L. Leath, Phys. Rev. Lett. 57 (1986) 1052.
[20] L. de Arcangelis, H.J. Herrmann, Phys. Rev. B 39 (1989) 2678.
[21] B. Kahng, G.G. Batrouni, S. Redner, L. de Arcangelis, H.J. Herrmann, Phys. Rev. B 37 (1988) 7625.
[22] P. Ray, G. Date, Physica A 229 (1996) 26.
[23] K.-T. Leung, J.V. Andersen, Europhys. Lett. 38 (1997) 589.
[24] K.-T. Leung, J.V. Andersen, D. Sornette, Phys. Rev. Lett. 80 (1998) 1916.
[25] C. Unger, W. Klein, Phys. Rev. B 29 (1984) 2698. 31 (1985) 6127.
[26] L. Monette, Int. J. Mod. Phys. B 8 (1994) 1417.
[27] A. Hansen, P.C. Hemmer, Phys. Lett. A 184 (1994) 394.
[28] S. Roux, A. Hansen, H. Herrmann, E. Guyon, J. Stat. Phys. 52 (1988) 237.
[29] D. Heerman, W. Klein, D. Stau�er, Phys. Rev. Lett. 49 (1982) 1262.
[30] T. Ray, W. Klein, J. Stat. Phys. 61 (1990) 891.
[31] P.C. Hemmer, A. Hansen, J. Appl. Mech. 59 (1992) 909.
[32] M. Kloster, A. Hansen, P.C. Hemmer, Phys. Rev. E 56 (1997) 2615.


