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We evaluatethermodynamicstructural,and transportpropertiesfrom extensivemolecular-dynamicgom-
putersimulationsof the ST2andTIP4Pmodelsof liquid wateroverawide rangeof thermodynamistatesWe
®nda line in the phasediagramalong which the isothermalcompressibilityof the supercoolediquid is a
maximum.We further observethat along this line the magnitudeof the maximumincreasesvith decreasing
temperatureExtrapolationto temperaturedelow thosewe are able to simulatesuggestghat the compress-
ibility divergesin this casetheline of compressibilitynaximadevelopsnto a critical point followed at lower
temperatureby a line of ®rst-ordemphasetransitions.The behaviorof structuraland transportpropertiesof
simulatedwater supportsthe possibility of a line of ®rst-ordephasetransitionsseparatingwo liquid phases
differing in density.We thereforeexaminethe experimentallyjknown propertiesof liquid andamorphousolid
water to testif the equationof stateof the liquid might exhibit a line of compressibilitymaxima, possibly
connectedo a critical point that is the terminusof a line of phasetransitions.We ®ndthat the currently
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availableexperimentabataare consistenwith thesepossibilities. @1063-651X%97/09501-%#

PACSnumbers!: 64.70.Ja64.301 t, 64.60.My

I. INTRODUCTION

Thoughwateris acommonliquid, it is not a simpleliquid
@+%¢ In particular,its thermodynamigropertiesdisplay a
number of anomalies.For example,the density of water
passeshrough a maximumat a temperatureT5 4 EC a a
pressureP5 1 atm @# Also, the isothermalcompressibility
K+t andthe isobaric speci®cheatCp passthrough minima
andbeginto rise dramaticallyas T decrease®, 7

The glassystateof water also exhibitsrich behavior.As
found by Mishima and co-workers @+ 10# amorphousice
exhibits ““polyamorphism" @1+ 14# That s, it is observed
to existin at leasttwo quite distinct forms: a low-density
amorphoustLDA! ice anda high-densityamorphousHDA!
ice. In addition,LDA ice andHDA ice areobservedo con-
vert from oneto the othervia abruptchangesn density @0#

The stability limit conjecture @,1517# ascribesthe
anomaliesof waterto the presenceof a reentrantliquid-gas
spinodalin the supercooledregion of the phasediagram.
Recentcomputer simulation studies of the ST2 @8# and
TIP4P @9 potentialshave shown that the spinodalis not
reentranfor thesemodelsof water @0# Moreover,basedon
thesesimulations,it wasproposedhatthe anomaliesof wa-
ter arerelatedto the existenceof acritical pointin the deeply
supercooledegion @1# It wasfurther proposedhatthe ob-
servedpolyamorphismof the amorphouscesis dueto the
extensioninto the glassy regime of a line of ®rst-order
liquid-liquid phasetransitionsconnectedo the critical point
@2+ 244

Evidencefor the occurrenceof a critical pointin ST2and
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TIP4P water was basedon the behaviorof the equationof
state-EOS of the supercoolediquid @0,2% As we will
showin detail below, the featureof the EOSusedto support
the proposalof a critical point canbe describedn termsof a
line of thermodynamicstatesalongwhich K+ is a maximum.
Recently,however,theoreticalwork @5# has shownthat a
line of K+ maximamustoccurin any liquid that+! exhibits
a line of densitymaximahaving a negativeslopein the P-
T planeand+i! doesnot exhibit a reentrantspinodal.ST2
andTIP4Pwatersatisfyboth of theseconditions@0# Hence
a line of K1 maximaneednot necessarilybe interpretedas
dueto the occurrenceof a critical point. Rather,the line of
K+ maximamay be viewed as due only to the thermody-
namic behavioroccurringat higherT.

Hencethere are two possiblebehaviorsfor a liquid in
which thereis a line of K; maxima,shownin Fig. 1. Either
the line developsinto a critical point, and is replacedat
lower T by a line of phasetransitions,or Ky remains®nite
for all T alongthe line of Ky maxima.

A brief report of the simulation resultsupon which the
proposalof a critical point is basedhas beenpresentedn
Ref. @1# In this articlewe providea detailedanalysisof the
thermodynamicdata obtained from these simulations and
also evaluatestructuraland dynamical propertiesrelatedto
thethermodynamidehaviorfoundin the supercoolediquid.
A detailed descriptionof the molecular-dynamicssimula-
tions from which the presentdataare derivedis providedin
Ref. @0#

Speci®callyjn Sec.ll we locatethe line of K; maxima
and examineits propertiesto determineif the proposalof a
critical point remainsvalid in light of the theoreticaldevel-
opmentsdescribedabove.In Sec.lll we show how the be-
havior of the internal energy supportsthe occurrenceof a
line of K+ maximaand also elucidatesthe thermodynamic
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FIG. 1. ~-a Schematicproposalfor the P-T phasediagramof
liquid water.Theline of ®rst-ordephasetransitionsL. separatethe
liquid andgasphasesandendsin the critical point C. The dashed
line M is the line of K+ maximaobservedn the supercriticalre-
gion. At low T a line of ®rst-ordeiphasetransitionsL 8 separates
distinct high- and low-density phasesof the liquid. The line L8
terminatedn acritical point C8 from which extendsanothedine of
K+t maxima,denotedM8 -b! Schematicphasediagramof liquid
waterin the casethat thereexistsa line of K; maxima(M8 that
doesnot developinto a critical pointandline of phaseransitionsas
in ~al. Although M8 identi®esthe boundarybetweenhigher- and
lower-densityliquid regions,the propertiesof the liquid vary con-
tinuously along pathscrossingM 8

mechanismby which the liquid phasemight developan in-

stability leadingto liquid-liquid phaseseparationThenwe
presentan analysisof molecularcoordinationand structure
~Sec.IV! andof transportproperties-Sec.V! for the simu-
lated liquid in the vicinity of the line of K; maxima.If a
phaseransitionexistsatlower T, thesedatasuggestvhatthe
structureand relaxationbehaviorof the two distinct liquid

phaseamight be. Finally, in Sec.VI, we enumerateseveral
experimentalresultsrelevantto the possibleexistenceof a
line of K; maximain real water, perhapgollowed at lower
T by acritical point andline of ®rst-ordephasetransitions.
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FIG. 2. Equationof stateof liquid ST2. Plottedareisothermsof
P versusV of a bicubic splinethroughthe datapointstabulatedin
Ref. @0# from T5 235 K to T5 390K.

Il. EQUATION OF STATE

Both the ST2 and TIP4P interactionpotentialsreproduce
the thermodynamia@nomaliesof liquid water,including the
density maximum, and the rapidly increasingK; and Cp
valuesin the supercooledegion @6# In orderto determine
the origin of theseanomaliesn the simulatedliquid, we ®rst
examinethe global behaviorof the EOS. The EOS speci®es
how P dependon T andvolume per unit massV. In Fig. 2
we plot the EOSin termsof isothermsof P versusV for the
ST2interactionpotential. The correspondinglatafor TIP4P
areshownin Fig. 3 of Ref. @0#

At the highestT, the isothermsare decreasingunctions
of V, typical of simpleliquid behavior.However,at lower
T, theisothermsbheginto developa differentshape shownin
Fig. 3-l. In particular,in the vicinity of V5 1.1 cm®/g, the
sign of the curvaturechangedrom positiveto negative.The
resultis the appearancef a minimum in the slope of the
isotherm. Moreover, the isotherm becomesprogressively
“atter asT decreases.

The isothermalcompressibilityK ¢ is relatedto the slope
of a P-V isothermvia

el 2 %S%Ds %%D

where r[ 1N is the density @7# EvaluatingK+ for ST2
from the P-V isothermsin Fig. 3-a yields a plot of K;
againstv at constantT, shownin Fig. 3-bl. In thevicinity of
T5 290K, a maximumappearsn K andis observedat all
lower T in the rangein which we are ableto conductsimu-
lations.A similar analysisof the TIP4P P-V datashowsthat
this model also exhibits Ky maxima, which appear for
T, 250K @ig. 3~¢'# By ®ndingthe valueof P correspond-
ing to eachof the maximain Figs. 3-b! and 3!, we locate
the positionin the P-T planeof theline of Ky maxima-Fig.
41,

Since most experimentsare conductedat constantP as
opposedo constantl, we showin Fig. 5 plotsof Ky for ST2
plottedalongisobarsratherthanisothermsThe resultshows

2.1



Kt versusV for TIP4P. Symbolsrepresent; valuescalculated
from the piecewiseslopeof the discreteP-V datatabulatedn Ref.
@0# Thelinesareprovidedasguidesto theeye.We do notanalyze
the TIP4P datavia splinesasin -~a and -b! becausethe relative
errorin the calculationof K¢ for TIP4Pis signi®cantlylargerthan
for ST2.

55 LINE OF COMPRESSIBILITY MAXIMA IN THE PHASE . .. 729
300 . . ' . 250 : . . . .
o Co
200 o273K | ] 200
A200K
100 ] 150 | sT2 ]
S w
s S 100 [ ]
a 0 4 o
S ~§\
\ﬁé % TIP4P
-100 | \A\ 8
sT2 . or .
\\;\\
-200 . . . j% .
080 200 220 240 260 280 300
TK
0.004 FIG. 4. Estimateof the positionof theline of Ky maximain ST2
(n) andTIP4P h . C8 labelsthe position of the critical point for
ST2 asestimatedrom Fig. 6.
0.003
that the K1 maximashownin Fig. 3-b! are also observed
s whenthe liquid is cooledalonganisobar.
§ 0.002 Theoccurrenceof aline of K+ maximain ST2andTIP4P
N wateris consistenwith the predictionof Ref. @5# Sincethe
temperaturef maximumdensity-TMD! line andthe liquid-
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' increaseon cooling the systemalong an isobar below the
TMD line. In real water, homogeneousucleationof the
crystal has so far preventedthe experimentaldetectionof
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FIG. 5. Isobarsof K asafunctionof T for P5 0 MPa(s ) and
P5 80 MPa(h ). To constructtheseisobars K was evaluatedor
eachT atthe given P from the splinesshownin Fig. 3-&!.
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FIG. 6. Plotsof 1/KT®for ST2asafunctionof -a T, ! P, and
~¢! V. Extrapolationof eachcurve to zero yields an estimateof
Tcg Pcg andVg respectively.

1K as a function of T. If K" were to diverge, then
1/KT* would becomezero.By extrapolatinghe datain Fig.
6-al, we ®ndthat 1/KT* appearsto be approachingeroat a
®nite temperatureTcg 235 K. In Figs. 6-b! and 6! we
showthe correspondingplots of 1/KT® asa function of P

and V respectively.Again, by extrapolation,we note that

1/KT® appearsto approachzero at Pcg 200 MPa and
Veg 1.02cm’/g ~or rcg 0.98g/cm®).

The divergencein K; suggestedy the ST2 datawould
indicatethata thermodynamisingularityappearsntheline
of K maximaat Tcg In this case the mostlikely behavior
for T, Tcgwould be thata line of ®rst-ordephasetransi-
tionsextendsrom C8to lower T. In this scenariotheline of
K+ maximawe observeis the supercriticalprecursomehav-
ior expectedabovea critical point. For example,in the van
der Waals descriptionof a liquid-gas phasetransition, the
critical point is the terminusof a line of K maximathat
occursat higherT in the EOS of the supercritical uid.

In the casethat a critical point occurs,followed at lower
T by a line of phasetransitions,it is importantto note that
r ~or equivalentlyV) would be an appropriateorder param-
eter.Hence,if the phasetransitionexists,it is a phasetran-
sition betweentwo thermodynamicallgdistinctliquid phases,
identical in chemicalcomposition,but differing in density,
structureand transportproperties@3# Liquid-liquid phase
transitions of this kind have been predicted theoretically
@0+ 43# and via computersimulations @,44,4%t in several
systemsand have also been observedexperimentally @6+
494

For TIP4P, we show the position of the line of Kt
maximain Fig. 4. The magnitudeof thesemaximais signi®-
cantly smallerthanfor ST2in the regionof T accessiblgo
simulation. Hence,with the presentdatawe are unableto
determineif the Ky maximain TIP4P might developinto a
divergenceat lower T. From the location of the line of Kt
maximafor TIP4Pshownin Fig. 4 andfrom the EOSdataof
Ref. @0# we conlcudethatif a critical point C8 occursfor
TIP4P,it occursat T, 200K andatP. 70 MPa.

It was recently proposed@0# that TIP4P undergoesa
®rst-ordephasdransitionat T' 213K andP' 0.1 MPaand
that the critical point C8 for TIP4P occursat P, 0. This
conclusionwasbasedon resultsfrom simulationscarriedout
in a constantP ensembleat severaltemperatureslongiso-
bars.

Our conclusionon the possiblelocationof C8for TIP4P
differs from that of Ref. @0# To investigatethe origins of
this difference,we show in Fig. 7 both the EOS data for
TIP4P presentedin Ref. @0# and the correspondingdata
from Ref. @0# We alsoshowin Fig. 7 thedensityr andthe
con®gurationapart of the internalenergyU asfunctionsof
T takenfrom Refs. @0# and @0# To comparedataat the
samestatepoints,we uselinearinterpolationof thetwo clos-
est thermodynamicstates.As can be seenfrom Fig. 7, the
results of Ref. @0# for the thermodynamicpropertiesof
TIP4Parein agreementwithin the error bars with thoseof
Ref. @0# Therefore,we concludethat the differencein the
proposalsregardingthe location of C8 for TIP4P is one of
interpretationand is not dueto differencesin numericalre-
sultsor simulationtechniques.

The proposalof Ref. @0#that TIP4P exhibitsa ®rst-order
phasetransitionat P' 0.1 MPaandT' 213K wasarrivedat
by interpretingthe large changesin the valuesof the data
pointsfor r asafunctionof T alonganisobar@ig. 7-b'#as
dueto a jump discontinuityin the functionaldependencef
r aroundT5 213K. If this ®rst-ordetransitionoccurs,then
a vander Waalsloop shouldoccurin anisothermof P ver-
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FIG. 7. Comparisonof thermodynamigropertiesof TIP4P as
evaluatedin Refs. @0# and @0# ~al P-V isotherms,b! isobarof
r versusT at P5 0.1 MPa, and ¢! isobar of U versusT at
P5 0.1 MPa.

susV at this T andalsofor T, 213 K. The T5 200K P-V

isothermfrom Ref. @0# shownin Fig. 7-a! doesnot show
sucha van der Waals loop. Consequentlywe interpretthe
largechangesn r versusT in Fig. 7-b! ascontinuous.That
is, despitethe large changesin thermodynamicproperties
foundin both Refs. @0# and @0# the datashownin Fig. 7

do not supportthe occurrenceof a discontinuousi.e. ®rst

ordet transitionfor T. 200K. In this regard,further simu-
lations are clearly requiredto determinemore preciselythe
EOSfor TIP4P over a wide rangeof P andT.

lll. INTERNAL ENERGY

Considernext the behaviorof the con®gurationapart of
theinternalenergyU. In Fig. 8 we showisothermsof U asa
function of V for the ST2 and TIP4P models @1# At the
higher T shown, an isothermof U is a simple concave-
upward-.e., positively curved function of V. However,as
T decreases pronouncedocal minimum beginsto appear.
As we will showin the following sectionsthis stateis char-
acterizedby a network of tetrahedrallycoordinatedwater
moleculesand indicatesthe presenceof an openmolecular
structurein the liquid thatis particularly favorableenergeti-
cally. Theappearancef this minimuminducesthe curvature
of the U versusV curve to becomenegativein the region
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FIG. 8. ~a ST2isothermsof U versusV at T5 330K h and
T5 290 K (n ). ~b! TIP4Pisothermsof U versusV at T5 250 K
(L ) andT5 225 K (s ). ~¢! Isothermsof U asa functionof V for
real water, as evaluatedfrom the Haar-Gallagher-KelEOS @2#
Thetemperaturés 275K for thelowestcurveandincreaseén steps
of 5 K for eachhigher curve,up to T5 320K for the top curve.
Uk is a ®xedparametethat normalizesthe thermodynamiaata
to the propertiesatthetriple point. C is anoffsetparameteto allow
for convenientplotting of the data:C5 0 for the T5 275K curve,
C52 0.3 kd/mol for T5 280 K, C52 0.6 kJ/mol for T5 285 K,
andsoonupto C52 2.7 kdJ/molfor T5 320K.
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below V5 1.15 cm®/g for ST2 and V5 1.05 cm®/g for
TIP4P.
The Helmholtz free energyA is relatedto U via

A5 U2TS |1

where S is the entropy. The curvatureof an isothermof A
must be positive for a homogeneougphaseof a speci®ed
densityto be thermodynamicallystable@7# From Eq. ~3.1!
the curvatureof A canbe expresseds

SiADs SFZUDz SFZSD
Since
P52 séD 3.3
v T

the inversecompressibilityis relatedto the curvatureof A
@singEq. 2.11# by

3D 3206
K_T5 Y, v T v !
T T
Hencethe curvatureof A is proportionalto 1/K; for ®xed
V; thatis, 1/K; must be positive for a thermodynamically
stablestate.

For the rangeof V in which (J?U/]V?)1, 0, the contri-
bution of the internal energyis to reduce 1/K; and hence
reducethe thermodynamicstability of the liquid phase This
is con®rmedy the fact thatthe rangeof V in which we ®nd
negativecurvaturein the U-V datacorrespondso the range
in which the K1 maximaare observed.The liquid remains
stablewhereU hasnegativecurvatureonly becauséhe con-
tribution of the entropictermin Eq. 3.2 is large enoughto
dominate.Yet entropiccontributionsto thesethermodynamic
gquantitiesare suppresse@s T decreasesjue to the occur-
renceof the factorof T in the secondermon the right-hand
side of Eq. 3.2. Hencethe U-V data, like the P-V data,
suggestthat at lower T a single homogeneougphaseof the
liquid will not be stablefor certainvaluesof V, leadingto a
separatiorinto two distinct phasesof higherand lower vol-
ume.

In Fig. 8~¢! we show experimentallymeasuredsotherms
of U for real water plotted as a function of V for several
temperatures,all greater than the freezing temperature
@2,53¢ Theseisothermshavesmall positivecurvatureat the
highestT shown,but the curvaturebecomesegativeas T
decreasesThusreal wateralsoexhibitsthe propertythatthe
behaviorof the internalenergyactsto reducethe stability of
the liquid phaseasT decreases.

3.4

IV. STRUCTURAL PROPERTIES
A. Coordination number

Next we examinethe coordinationnumber Ny, of the
ST2liquid asa functionof T andV. HereNy is de®nedas
the integral of the oxygen radial distribution function
Ooo(r) fromr5 0 to r5 r,i,, wherer ,;, is the value of the
interatomicdistancer at which the ®rstminimum appearsn
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FIG. 9. -a Isothermsof Nyy asa function of V for ST2 from
T5 235 K to T5 390K. -b! Isothermsof Ny asa functionof P for
ST2from T5 235 K to T5 390K.

Ooo(r). Hence Nyy is the average number of nearest-
neighborsfoundin the ®rstcoordinationshell of an O atom.

Figure 9-al showsisothermsof Ny as functionsof V.
For T5 290 K and below, Ny decreasesoward a limiting
valueof 4 as V increases.

We canalsostudythe behaviorof isothermsof Ny asa
function of P @ig. 9-b!# For the high-T isothermsthe re-
sults show that a fourfold-coordinatedcon®guratioris ap-
proachedat negativeP, in agreementvith previoussimula-
tions of Geigerand co-workers@4# For T< 273 K, Ny
approached evenfor positiveP, i.e.,if P. 0 andT is low
enough,a fourfold-coordinateccon®guratiorcan form @5#

The degreeof abuptnesswith which Ny decreasesn
Fig. 9-b! is also noteworthy. At high T the decreaseof
Nyn With P is smooth,but as T decreasesNyy changes
more abruptly from a structurewith a large coordination
number(Nyy. 6) to a structurewith Nyy' 4.

Thatafourfold-coordinatedhetworkformsin liquid water
is consistentwith the possibiity that a low-density liquid
~DL! phasecan ““condense" suddenlyout of the high-
densityliquid -HDL! phase.The structureof the LDL phase
resembleshe structureof the randomtetrahedralnetwork
RTN! @64 The RTN structureis usuallythoughtof asap-
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pearingcontinuouslyas the liquid is cooledor stretchedat
low pressureThe presentresultsshow that a low-density,
fourfold-coordinatedstructureoccurswith increasingabrupt-
nessasP increase®r T decreases.

Indeed.,if acritical point C8wereto exist,the two phases
LDL andHDL are separatedy a negativelyslopedline of
®rst-order phase transitions terminating at the point
(TS Tcg P5 Pcg. If thesystemis cooledalonganisotherm
with P.  Pcg thenasit crosseghis ®rst-ordefine the sys-
temwill jump discontinuouslyfrom a HDL to a LDL phase,
with a correspondingliscontinuousdensitychange.The ex-
tensionof this ®rst-orderine into the one-phaseaegion at
largerT andlower P is thelocusof K maxima,sowhenthe
systemcrossesthis locus the systemwill changecontinu-
ously from a liquid of higherlocal density (Nyy. 4) to a
liquid of lower local density(Nyy' 4). Thusour resultssug-
gesta relationshipbetweenthe locus of K+ maximaandthe
changesin local structure as measuredby the paramter
NNN .

B. Radial distribution functions

The analysisof the precedingsubsectiorindicatesthat a
signi®canthangeoccursin the structureof the liquid when
cooledthroughthe regionof the line of K+ maxima.In this
section,we seekto characterizemore preciselythe structure
of the liquid on eitherside of this line. For this purposewe
analyzethe structureof the systemin termsof the correlation
function h(r), de®nedas a weightedlinear combinationof
the individual radial distribution functions:

h~r15 4prr@.09 o011 0.42op!
1 0.486)4~!2 1#

Heregon(r) andgyy(r) are,respectivelythe O-H andH-H
radial distribution functions @7#

In particular,if thereexistsa critical point C8 thenwe
would expecta two-phasecoexistenceegion.To investigate
the possiblestructuraldifferencebetweenthesetwo phases,
we studythe structureof theliquid at a temperaturecloseto
the estimatedvalue of Tcgat two valuesof r on eitherside
of rcg This is equivalentto studying the structure of a
liquid-gassystemalonga near-criticalisothermfor densities
smallerandlargerthanthe liquid-gascritical density.In such
a casethe high-densitystructurewould resemblethe liquid
structure while the low-densitystructurewould resemblehe
structurecharacteristiof the gasphase.

We calculate h(r) for ST2 at T5 235 K for r5 1.05
g/cm?® Hust abové andr5 0.92g/cm® Sust below the esti-
matedcritical densityr cgb 0.98g/cm?. Figure 10 showsthe
resulting h(r) functions, as well as the experimentally-
measuredch(r) for both the LDA andthe HDA ice @5,58+
61#

Thestructureof theliquid stateof ST2atr5 1.05g/cnT is
similar to the experimentaldataon HDA ice. We also®nd
thatthe h(r) for LDA ice resemble®ur ST2 simulationsof
the liquid phaseat r5 0.92 g/cn?. The correspondencbe-
tweenthe HDA ice phaseand ST2 waterjust abover cgand
betweenthe LDA phaseand ST2 waterjust below r cg sug-
geststhat the two phaseghat becomecritical at C8in ST2
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FIG. 10. Comparisorof h(r) functionsfrom experimentaktud-
iesof HDA andLDA ice @5,58t61# dashedined andfrom simu-
lations of ST2liquid ~solid lined at T5 235K.

water are relatedto the known HDA and LDA phasesof
amorphousce.

The possibleexistenceof a critical point C8is supported
by the fact that thereis no broken symmetry betweenthe
structuresof the LDA-like and HDA-like phases,as both
phasesareamorphouslf we assumehatHDA andLDA ice
arethe glassedormedfrom the two liquid phasediscussed
above,then the HDA-LDA transition can be interpretedin
termsof an abruptchangefrom one microstatein the phase
spaceof the high-densityliquid to a microstatein the phase
spaceof the low-densityliquid. The experimentallydetected
HDA-LDA transitionline would then be the extensioninto
the glassyregimeof theline of ®rst-ordetiquid-liquid phase
transitions.Indeed,the original experimentalstudiesof the
HDA-LDA transition interpretedthe observedbehaviorin
termsof somekind of ®rst-ordettransition @#

The observedpolyamorphismof amorphoudce is there-
fore consistentwith, and supportiveof, the possibility of a
line of liquid-liquid phasetransitionsterminatingin a critical
point. However, polyamorphismin amorphousdce doesnot
prove the existenceof a phasetransitionin the behaviorof
the supercoolediquid. The possibility thatthereis no phase
transition at any T can also account for abrupt density
changesn theamorphouscesin the glassregime@3,25¢ A
line of Ky maximaextendingto T5 0, thoughnot a line of
phase transitions, nonethelessrepresentsa line of states
alongwhich the glasswill be highly compressibleelativeto
nearbystatespoints. A region of high but ®nite compress-
ibility couldhavethe sameexperimentakffectonthebehav-
ior of the amorphoudcesasa fully developedphasetransi-
tion.

V. TRANSPORT PROPERTIES

In this sectionwe con®rmthe relationshipbetweenthe
behaviorof Ny for ST2 andthe rangeof stateswherethe
molecularmobility beginsto becometoo small for reliable
simulations@4# The molecularmobility, as quanti®edby
the diffusion coef®cientD, is shownfrom our ST2 simula-
tionsasa functionof V in Fig. 11-al. The decreasén D as
V increaseat thesevaluesof T qualitativelyreproduceshe
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FIG. 11. Isothermsof D for ST2 asa functionof ~a V and-b!

dynamicanomalyobservedn experimentameasurementsf
D in supercooledvater @2,63¢

In Fig. 11-b!, the information aboutD for ST2is corre-
lated with Ny for the samestates.Thereis a strongten-
dency for D to decreaseapidly as Ny,! 4 for the low-
temperatureisotherms. This observation con®rmsrecent
simulationwork demonstratinghe importancefor molecular
mobility of molecularenvironmentshaving more than four
nearesneighborslt wasfound @4,6%#that additionalnear-
est neighborsbeyond 4 have a " catalytic" effect on the
mobility of the centralmoleculein that they lower the local
energybarrierof the molecularexchangeshatarethe micro-
scopicbasisof diffusion. Consistentwith this picture, Fig.
11! showsthatD stronglydecreasesearNy\5 4. There-
fore, Fig. 11-b! explainswhy we are unableto producean
equilibratediquid, andevaluatehe EOS,in ST2simulations
below a certain range of T and V: when the liquid ap-
proachesstateswith Ny\5 4, the characteristicrelaxation
timesof theliquid becomevery large @4,66t69% Hencethe
low-density RTN form of the liquid that appearsin super-
cooledwateris intrinsically muchmoreviscousthanthelig-
uid at higher T andsois dif®cultto studyvia simulation.

VI. DISCUSSION

We haveshownabovethat the EOS of boththe ST2 and
TIP4P modelsof water exhibit a line of K maxima. This
con®rmsthe prediction of Ref. @5# for liquids having a
negatively sloped TMD line in the absenceof a reentrant
spinodalline. In addition,the resultssuggesthatin the case
of ST2,theline of K; maximadevelopsinto a critical point
andline of liquid-liquid phasetransitions.Theseresultsap-
ply to the behaviorof modelsof water.We now addresshe
extentto which this behavioris consistentvith the properties
of real waterasdeterminedexperimentallyIn particularwe
shoulddetermineif the possibility of a line of K; maxima,
leading to a line of phasetransitions,can be excludedas
descriptionof real water.In this regardwe considerthe fol-
lowing points.

~! Thougha line of K maximahasnot beenobservedn
real water, its existencecannotyet be excludedsincenucle-
ation of theice phaseinhibits the studyof supercooledvater
@ If thephasebehaviorof Fig. 1 describeghe propertiesof
real water, then the observedbehaviorof K+ is dueto the
factthatpresentlywe canonly observethe approactoneside
of anasyet undetectedK+ maximum.

~i! Experimentalmeasurementsf the correlationlength
j of density uctuationsin supercooledvaterat atmospheric
pressuredo not showan increasein j asT decreasegd0#
j shouldincreasecloseto a critical point and also on ap-
proachto the spinodallines that connectto the critical point
andlie on eithersideof aline of ®rst-ordephasetransitions
@1# Hence,|if they exist, the critical point andits associated
spinodallines mustbelocatedsuf®cientlyfar from the atmo-
sphericpressurepathfollowed in theseexperimentso asto
be unaffectedby critical "uctuations.

il An appealingfeatureof the appearancef a critical
pointandline of phaseransitionsin supercooledvateris the
mannerin which this proposalcanrationalizeand elucidate
the rich behaviorof liquid nd amorphoussolid water. To
illustrate this, we presentin Fig. 12 a schematicplot of the
coexistencecurvesfor the major phasesof H,O known ex-
perimentally,projectedinto the planeof T andr @,72,73t
Also shownis the possiblelocationof the metastableexten-
sion of the liquid side of the liquid-gas coexistencecurve.
Theline L8in Fig. 12 representshe coexistencecurve gen-
eratedby the L8 line shownin Fig. 1. Under L8 the super-
cooledliquid is unstableas a single phaseand will decom-
poseinto distinct high- andlow-densityliquids.

The existenceof a regionof unstablestatesfor the super-
cooledliquid is perhapsnot surprising,given the estimated
positionsof the stability ®eldsof the crystal phasesof ice.
Thereis a relatively wide gap betweenthe stability ®eldsof
ice | andice Il where no other crystalline form of ice is
found @# This meansthatthereareno stablelocal arrange-
mentsof moleculesin this densityrangethat are consistent
with boththermodynamicstability asa single,homogeneous
phaseand long-range crystalline order. The fact that no
stablecrystallinestructuresareobservedn this densityrange
is consistentwith the possibility that, at suf®cientlylow T,
therearealsono arrangementsf moleculeghataresatisfac-
tory for the appearancef a homogeneousquid state.

~v! The proposedlocation of the L8 curve in Fig. 12
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FIG. 12. Schematicplot of coexistencecurvesof liquid water
and the major crystal polymorphsof H,O -~denti®edby roman
numerals @,72,73t The dashedine estimateghe extensionof the
liquid side of the liquid-gas coexistencecurve below the triple
point. L8 ~dot-dashedline! estimatesthe coexistencecurve that
would appearin the supercooledregion if a liquid-liquid phase
transitionoccurred.

requiresthe liquid sideof theliquid-gascoexistenceurveto
becomea double-valuedunction of r. Theliquid-gascoex-
istence curve reachesa maximum r and then retracesto
lower r as T decreasesThis behavioris requiredfor the
stability of the low-densityliquid stateat r. 0.92g/cm®, a
statethatis not stableat ambientT. Though perhapsunex-
pected this behaviorof the liquid-gascoexistenceurveis a
known featureof the EOS of realwater:the liquid-gascoex-
istencecurve passeghrougha maximumr in the equilib-
rium regime,at atemperaturgust abovethetriple point @24

! It is straightforwardto understandhow a density
maximumappearsn a liquid havinga phasediagramof the
form of Fig. 12. Consideran isobaric path starting from a
high-T statepoint at which r is lessthan that at the maxi-
mum in the liquid-gascoexistencecurve. If this isobardoes
not passinto the unstableregion inside the the liquid-gas
coexistenceurveandif it terminatesn thethelocally stable
regionnearr5 0.92g/cm® atlow T, thenit would necessar-
ily haveto passthrougha maximumr.

~vi! As discussedabove,the position of the line L8 can
simultaneoushexplainthe thermodynami@nomaliesof lig-
uid water and the observedmechanicalpropertiesof the
amorphousdces. Cooling the liquid bringsthe systemcloser
and closerto the region of the critical point C8 andits ac-
companyingspinodal lines ~not shownin Fig. 12!. Hence
there will be many pathsalong which thermodynamicre-
sponsefunctions,suchas Kt and Cp, will be observedto
riseasT decreasedAt the sametime, the apparentmechani-
cal instability of amorphousice in the density range from
1.0g/cm? to 1.25g/cm? atmuchlower T is accountedor by
theinterval of unstablehermodynamistatedying underthe
coexistenceurve L8

~vii! The occurrenceof liquid-liquid phaseseparationn
deeply supercooledwvater would rationalize the successof
so-called two-state models in describing water properties
@8+43,74:80# Modelsdescribingliquid-liquid phasesepa-
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FIG. 13. P-T phasediagramcomparingexperimentallyknown
propertiesof water @,52¢with thosedeterminedrom ST2 simula-
tions. The positionsof the ST2 datahavebeenshiftedby a constant
amount(DT52 35K, DP52 82MPa to bringthe (P,T) location
of the density maximumfor V5 1.0 cm®/g into coincidencewith
the experimentalposition. The liquid-gas critical point is labeled
C. The estimatedposition of the liquid-liquid critical pointin ST2
is labeledC8

rationin a one-componemgystemhavea formal relationship
to the thermodynamic®of a mixture @1,72,7# If a liquid-
liquid phasetransitionoccursin supercooledvater,thenthe
analysisof waterpropertiesn termsof a mixturebindeed,a
highly nonidealmixturebis justi®ed~for recentexamples,
see@9,8G¢L

~viii! In the absenceof direct experimentaldatafor the
thermodynami@ropertief waterin the deeplysupercooled
regionandfor P! 0, we presentin Fig. 13 a comparisorof
known water propertiesand those determinedfrom ST2
simulations.To facilitate this comparisonwe have shifted
the ST2 propertiesn P andT @1#soasto bring the density
maximum observedin ST2 into coincidencewith that ob-
servedexperimentally With this adjustmentwe seethatthe
spinodaldeterminedrom ST2 simulationslies in an appro-
priate locationat negativepressureo be consistentwith the
location of the spinodal near the liquid-gas critical point
@2# Also, we ®ndthattheline of K maximaapproximately
coincideswith the observechomogeneousucleationimit of
crystallineice @# If theliquid structuredoesindeedchange
rapidly towardthe RTN structureastheline of K1 maximais
crossedit would not be surprisingto simultaneouslybserve
a large increasein the crystal nucleationprobability, since
the local structureof the RTN and crystallineice are quite
similar.

VII. CONCLUSION

We ®ndthat a line of Ky maximaoccursin the phase
diagramof ST2 and TIP4P water. Moreover,in the caseof
ST2, Kt increaseslongthis line as P increasesand T de-
creasesT his behaviorsuggestshe possibility thatthe line of
K+ maximabthe existenceof which is demandedby the
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behavior of the TMD and spinodal lines in these water
modelsbdevelopsat lower T into a thermodynamidénstabil-
ity. Though experimentalcon®rmationof a line of Kt
maximain supercooledvaterdoesnot yet exist, we ®ndthat
the known propertiesof liquid and amorphoussolid water
are consistentwith the behaviorobservedn simulation.
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