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We use methodsof randommatrix theory to analyzethe cross-correlatiormatrix C of stock price
change®f thelargestl000U.S. companiedor the 2-yearperiod1994D1995. We bndthatthe statistics
of mostof the eigenvaluesn the spectrumof C agreewith the predictionsof randommatrix theory,but
thereare deviationsfor a few of the largesteigenvalues. We Pndthat C hasthe universalproperties
of the Gaussiarorthogonalensembleof randommatrices. Furthermorewe analyzethe eigenvectoref
C throughtheir inverseparticipationratio and Pnd eigenvectorswith large ratios at both edgesof the
eigenvaluespectruniN a situationreminisceniof localizationtheoryresults.

PACS numbers:87.23.Ge02.50.Ey,05.40Pa, 05.45.Tp

There has been much recentwork applying physics
conceptandmethodgo the studyof Pnanciattime series
[LD15]. In particular,the study of correlationsbetween
price changesof different stocks is both of scientibc
interestand of practicalrelevancein quantifyingthe risk
of agivenstockportfolio [1,2]. Considerge.g.,theequal-
time correlationof stock-pricechangesfor a given pair
of companies. Since the market conditionsmay not be
stationary,and the historical recordsare Pnite, it is not
clearif a measuredcorrelationof price changesof two
stocksis dueonly to Onoise,6r genuinelyarisesfrom the
interactiondbetweerthetwo companies.Moreover,unlike
mostphysicalsystemsthereis no Oalgorithm calculate
the Ointeractiostrength@etweertwo companiegasthere
is for, say,two spinsin a magnet). The problemis that
althoughevery pair of companiesshould interact either
directly or indirectly, the precisenatureof interactionis
unknown.

In someways, the problemof interpretingthe correla-
tions betweenindividual stock-pricechangess reminis-
cent of the difpculties experiencedby physicistsin the
1950sjn interpretingthe spectraof complexnuclei. Large
amountsof spectroscopidataon the energylevelswere
becomingavailablebut weretoo complexto be explained
by model calculationsbecauseghe exactnatureof the in-
teractionswas unknown. Randommatrix theory (RMT)
was developedin this contextto deal with the statistics
of energylevelsof complexquantumsystemq16]. With
the minimal assumptiorof a randomHamiltonian,given
by a real symmetricmatrix with independentandomele-
ments,a seriesof remarkablepredictionswas madeand
successfullytestedon the spectraof complexnuclei [16].
RMT predictionsrepresenanaverageverall possiblen-
teractiong16]. Deviationsfrom the universal predictions
of RMT identify system-specibaonrandonpropertiesof
the systemunderconsiderationproviding cluesaboutthe
natureof the underlyinginteractiong17,18].

Here,we apply RMT methodsto studythe crosscorre-
lations[11,12] of stock-pricechanges. First, we demon-
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stratethe validity of the universalpredictionsof RMT for
the eigenvaluestatisticsof the cross-correlatiormatrix.
Secondwe calculatethe deviationsof the empiricaldata
from the RMT predictions,obtaininginformationthaten-
ablesus to identify crosscorrelationsbetweenstocksnot
explainablepurely by randomness.

We analyzea databas19] containingtheprice S;(¢) of
stocki attime ¢, wherei = N denotegheN largest
U.S.publicly tradedcompaniesndthetime ¢ runsoverthe
2-yearperiod1994D1995. Fromthetime seriesS;(¢), we
calculatethe price changeG; (¢ At), debnedas

G;(t At) = InS;(t + Ar) — InS;(?) Q)

We report hereresultsfor N = and Ar = min
(there are 6448 data points for each of the 1000com-
panies). The simplestmeasureof correlationsbetween
different stocksis the equal-timecross-correlatiommatrix
C, which haselements

¢, = (GG ~ (G)(G) )

g0

Here o; = (G,) — (G;) Iis the standarddeviation of
the price changeof companyi, and( ) denotesatime
averageoverthe periodstudied[19].

We analyzethe statisticalpropertiesof C by applying
RMT techniques. First, we diagonalizeC and obtainits
eigenvalues\, N with k = N which we rank
from the smallestto the largest. Next, we calculatethe
eigenvaluedistribution [11] and compareit with recent
analyticalresultsfor a cross-correlatioimatrix generated
from Pniteuncorrelatedime series[20]. Figure 1 shows
the eigenvaludistributionof C, which deviatesfrom the
predictionsof Ref. [20], for large eigenvalues\;, =
(seeFig. 1 caption). This resultis in agreementvith the
resultsof Ref. [11] for the eigenvaluaistributionof C for
Ar = day.

Totestfor universalpropertiesye prstcalculatehedis-
tribution of thenearest-neighb@pacings = A+ — A4,
which we computeafter transformingthe eigenvaluesn
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FIG. 1. The probability density function of the eigenvalues of
the normalized cross-correlation matrix C for the 1000 largest
U.S. companies in the TAQ database for the 2-year period
1994P1995 [19]. Recent analytical results [20] for cross-
correlation matrices generated from uncorrelated time series
predict a bPnite range of eigenvalues depending on the ratio R of
the length of the time seriesto N [11]. Inour case R = ,
corresponding to eigenvalues distributed in the interval =
A = [20]. However, the largest eigenvalue, A =~
for the 2-year period (arrow in inset) is = times larger
than the maximum eigenvalue predicted for uncorrelated time
series. Theinset also shows the largest eigenvalue for the four
half-year intervalsN denoted A, B, C, D. The distribution of
eigenvector components for the large eigenvalues, the ones well
outside the bulk, show signibcant deviations from the Gaussian
prediction of RMT, which suggests (ollectiveO behavior or
correlations [18] between different companies. The largest
eigenvalue would then correspond to the correlations within the
entire market [11].

such a way that their distribution becomes uniformRN

a procedure known as unfolding [17,18,21]. Figure 2(a)
shows the distribution for the empirical data and com-
pares it with the RMT predictions for real symmetric ran-
dom matrices. This class of matrices shares universal
properties with the ensemble of matrices whose elements
are distributed according to a Gaussian probability mea-
sureN the Gaussian orthogonal ensemble (GOE). We bnd
good agreement between the empirical data and the GOE
prediction,

P (s)= 7 exp ~ T 3

A second independent test of the GOE is the distribu-
tion of next-nearest-neighbor spacings between the rank-
ordered eigenvalues [17]. This distribution is expected to
be identical to the distribution of nearest-neighbor spac-
ings of the Gaussian symplectic ensemble (GSE), as veri-
Ped by the empirical data [Fig. 2(b)].

The distribution of eigenvalue spacings ref3ects corre-
lations only of consecutive eigenvalues but does not con-
tain information about correlations of longer range. To
probe any Qong-rangeOcorrelations, we brst calculate the
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FIG. 2. Comparison of the RMT predictions for the spac-
ing distributions with results for the empirical cross-correlation
matrix. (a) Nearest-neighbor (nn) spacing distribution of the
eigenvalues of C after unfolding using the Gaussian broad-
ening procedure [21]. The eigenvalue distribution can be
considered to be a sum of delta functions located at each eigen-
value. Each ddta function is then (broadenedOby choosing a
Gaussian distribution with standard deviation (Ar+o — Ak—o)/
where « is the size of the window used for broadening
[21], and the optimum value of a obtained from Fig. 2(d).
The solid line is the GOE prediction, Eg. (3), and the dashed
line is a bt to the one-parameter Brody distribution p(s) =
B( + B)sP exp(—Bs#* ), with B=[T'(5)] *#. The bt
yields B = + , in good agreement with the GOE pre-
diction B = . At the 80% conbdence level, a Kolmogorov-
Smirnov test cannot reject the hypothesis that the GOE is the
correct description. (b) Next-nearest-neighbor (nnn) spacing
distribution of C. RMT predicts that, for the GOE, the distribu-
tion of next-nearest-neighbor spacings should follow the same
distribution as the nearest-neighbor spacings for the GSE. This
prediction is conbrmed for the empirical data, both visually and
by a Kolmogorov-Smirnov test that at the 40% conbdence level
cannot reject the hypothesis that the GSE is the correct dis-
tribution. (c) Number variance and (d) spectral rigidity of C
for different values of the unfolding parameter @, compared to
the exact expression for the GOE (solid line) and the uncor-
related case (dashed line). As a increases, both the number
variance and the spectral rigidity approach the theoretical curve
for the GOE, while the spacing distribution remains essentially
unchanged. Wechoosea =  as the optimal value.
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number variance X N the variance of the number of
unfolded eigenvalues in intervals of length L around each
of the eigenvalues [17,18,21,22]. If the eigenvalues are
uncorrelated, 3 ~ L, while for the case of a QigidO
eigenvalue spectrum, 3 = . For the GOE case, we
pnd the OntermediateObehavior 3 ~ InL, as predicted
by RMT [Fig. 2(c)].

A second way to measure long-range correlationsin the
eigenvalues is through the spectral rigidity AN the least
square deviation of the unfolded cumulative eigenvalue
density from a bt to a straight line in an interval of length
L [17,18,21,23]. For uncorrelated eigenvalues, A ~ L,
whereas for therigid case A = const. For the GOE case,
we bnd A ~ InL as predicted by RMT [Fig. 2(d)].

Having demonstrated that the eigenvalue statistics of C
satisfy the RMT predictions, we now proceed to analyze
the eigenvectors of C. RMT predicts that the components
of the normalized eigenvectors of a GOE matrix are dis-
tributed according to a Gaussian probability distribution
with mean zero and variance one. In agreement with re-
cent results [11], we bnd that eigenvectors corresponding
to most eigenvalues in the QulkO (A, < ) follow this
prediction. On the other hand, eigenvectors with eigen-
values outside the bulk (A, > ) show marked deviations
from the Gaussian distribution. In particular, the eigen-
vector corresponding to the largest eigenvalue A devi-
ates signibcantly from the Gaussian distribution predicted
by RMT.

The component  of a given eigenvector relates to the
contribution of company to that eigenvector. Hence, the
distribution of the components contains information about
the number of companies contributing to a specibc eigen-
vector. In order to distinguish between one eigenvector
with approximately equal components and another with a
small number of large components, we depne the inverse
participation ratio [17,24]

L= [ ] (4)
where u;, , = are the components of eigen-
vector k. The physical meaning of I, can be illustrated
by two limiting cases. (i) an eigenvector with identi-
cal componentsu;, = /+/N hasl; = /N, wheress (ii)
an eigenvector with one component u;, = and al the
others zero has I; = Therefore, I, is related to the
reciprocal of the number of eigenvector components sig-
nibcantly different from zero.

Figure 3 shows I; for eigenvectors of a matrix gener-
ated from uncorrelated time series with a power-law dis-
tribution of price changes [7,8]. The average value of I
is{Iy= X ~ = /N, indicating that the eigenvec-
tors are extended [24,25] N i.e., almost all companies con-
tribute to them. Fluctuations around this average value
are conbned to a narrow range. On the other hand, the
empirical data show deviations of I; from (I) for afew of
the largest eigenvalues. These I} take values of the order
of ™, suggesting that there are groups of approximately
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FIG. 3. Inverse participation ratio I; for each of the
1000 eigenvectors. As a control, we show in the inset the
I, values for the eigenvectors of a cross-correlation matrix
computed from uncorrelated independent power-law distributed
time series [7,8] of the same length as the data. Empirical data
show marked peaks at both edges of the spectrum, whereas
the control shows only small Ructuations around the average
vaue (I) = X The large I, values for the largest
eigenvalues are to be expected from Fig. 1, but the large values
of I, for the small eigenvalues are surprising. We test that
the deviations for small eigenvalues are real by comparing our
results against controls with different sizes and by anayzing
separately each of the four half-year intervals in the database.

50 companies contributing to these eigenvectors. The cor-
responding eigenvalues are well outside the bulk, suggest-
ing that these companies are correlated [18].

Surprisingly, we aso bnd that there are I, vaues
as large as for eigenvectors corresponding to the
smallest eigenvalues A; = [26]. Thedeviationsfrom
(I) for the smallest eigenvalues are about to times
larger than the standard deviation of the Ructuations for
the control, which suggests that the eigenvectors are
localized [24,25]N i.e., only a few companies contribute
to them. The small size of the corresponding eigenvalues
suggests that these companies are uncorrelated with one
another.

The presence of vectors with large I, aso arises in
localization theory, where one frequently Pnds Gandom
band matricesO [24] containing extended states with
small I; in the middle of the band, whereas edge
states are localized and have large I;. Our bnding of
localized states for small and large eigenvalues of the
cross-correlation matrix C is reminiscent of Anderson
localization [27] and suggests that C may be a random
band matrix [28].

In summary, we bnd that the most eigenvalues in
the spectrum of the cross-correlation matrix of stock
price changes agree surprisingly well with the universal
predictions of random matrix theory. In particular, we
bnd that C satisbes the universal properties of the
Gaussian orthogonal ensemble of real symmetric random
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matrices. We bnd through our anaysis of the inverse
participation ratio of its eigenvectors that C may be a
random band matrix, which may support the idea that a
metric can be debned on the space of companies and that
a distance can be debned between pairs of companies
[29]. Hypothetically, the presence of localized states
may allow us to draw conclusions about the Gpatial
dimensionOof the set of stocks studied here, and about
the @angeOof the correlations between the companies.
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