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We give an approximatedifferentialgeneratorfor the Helmholtzfree energyandfor themagnetizationequation
of state.Theequationofstateis a functiononly of thelimits of therenormalizedHamiltonianparametersasthe
renormalizationparameter1 ~

The first renormalizationgroupmethodsfor the calculationof the equationof stateutilized entirelyfield
theoretictechniques[1]. Recently,equationsof statehavebeenobtainedby usinga combinationof field theoretic
anddifferential renormalizationgroupmethods[2, 3]. In this work, we introducea calculationalmethodwhich
is entirelydifferential in character.This differential generatorfor thefree energythusavoidsthe useof any field
theoreticdiagramexpansionsandonly convergentintegralsareneeded.

The differentialgeneratoris derivedin a manneranalogousto thatof ref. [4], exceptthat a saddlepoint expan-
sion is employedin orderto obtain a one-particleirreduciblegenerator[1]. Making the approximationthat the
expansioncoefficientsare momentumindependent[5], we obtain

aA(M, 1)/Zil = exp(—dl)trln [~, + exp(21)a2A/3M’~JMJ]- (1)

whereA(M, 1) is an i-dependentHelmholtz potential,1 is therenormalizationparameter,d is the latticedimension
andM is the physicaln-componentmagnetizationvector.Wehavesetthe critical point exponenti~= 0 in this
approximation.The physicalHelmholtz potentialis givenbyA(~if)= lim

1~A(M, 1). This generator(1) canbe
relatedto our previouslyintroducedgeneratorby thescalechanges[5], s = Mexp(4(d—2)l),H(s,1) = A(M, 1)
exp(dl).Even thoughthegenerator(1) is approximate,it containssomeinformation from every orderin pertur-
bationtheory.Forexample,onecaneasilyshowthat (1) predictsthat for non-Isingsystems(n ~ 1) the longitu-
dinal susceptibility x~1divergeson thecoexistencesurface,x11 ~ IhI~”~”

2,whereh is the magneticfield and
e 4 —d.

Although it is conceivablethat (1) maybe solved directlyor thatnumericalmethodsmight be employed,it is
moreprobablethat the following iterativetechnique,analogousto thefield-theoreticioopexpansion[1] will be
usefulin applications.To illustrate this, we will derivetheequationof statefor a ferromagnetcorrectto one-loop
from (I). We start with an initial HamiltonianH(s, 1) E r(l)s2/2 + u(1)s4/4.This gives the lowest orderor “zero-
loop” (0-loop)approximationto A(M,1):

A
0(M, 1) = r(i) exp(—21)M

2/21-u(l) exp(—el)M4/4. (2)

Thus, the0-loop approximationtoA(M) is a Landauexpansionof thesamesort as the initial Hamiltonianbut
with “renormalized”expansioncoefficients,~ lim

1~r(i)exp(—2l)andu0,, lim1~u(l)exp(—el),with r~~
r” andu~~ t’Y

213, wheret~ T—1~,and y and/3 arethe usual critical point exponentscharacterizingthe suscepti-
bility andcoexistencecurve,respectively[3]. Therefore,evenin this 0-loop approximation,we can obtain the
correctcritical-pointexponentsto 0(e). The quantitiesr

0,, and u,,,, are nonlinearscalingfields [6], which are cal-
culatedfrom thecompletenonlinearsolutionsfor r(l) andu(l) given in [7].

Thenext successiveapproximationto A(M, 1) is obtainedby replacingA(M, 1) by A0(M, 1) on the right hand
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sideof (1),

0A~M,1) ~ dl 3e(
2~)1u(1)M2 9 ~

31 1 +r(1) 2 (1 +r(f))2 (3)

+ e’~1[lnU +r(1) + 3e(2~u(l)M2) _~I~!~ + ~ e(4~2~lP’2~~_1 +r(l) (I +r(l))2

wherefor simplicity we haveset n I. The first two termsarepreciselythosewhich contributeto the equations
for r(1) and u(1) and are,therefore,equalto 3A

0/31. If we write A = A0 +A ~ we obtain a closedform expression
for A 1(M, 1):

A1(M,1) = Jdledl(ln(l +r(1) + 3e(
2~u(l)M2)~ - ~e(4~2E) 1 . (4)

0 1 +r(1) (1 +r(l))2]

The 1-loop contributionto the free energyis obtainedby taking the 1 -~- °° limit of (4).
Oncethe free energyis known, the magnetizationequationof stateis simply obtainedby differentiationwith

respecttoM. In fact, it is simpler to derivethe equationof stateby differentiating(1) first and thenevaluating

thelimit ~—‘ oo~We find that the equationof statedependson r,,,, and u,,
0 only.

r / M
2uo,,\ M2u,,,, M2u

h =r~,,M+u,,,,M3 +Mr r Id12 I(n—l)u~,, 1 +-—-—---J ln 1 +—

L \ ro,,! ro,, ro,,
(5)

/ 3M2u,,,\ 3M2uo,, 3M2uo,,
+3r, (\l +——-~-_)ln 1 +—~—

ro,, r,-.,, r,,
0

for generaln. In (5), the nonlinearcrossoverinformation is containedfor all valuesof r, not just in the critical
region(r °~1). Since the behaviorfor larger of the equationof stateshouldnot be expectedto be universal,we
will considerthe form of (5) for small r. Insertingthe expressionsfor the nonlinearscalingfields r,,, and uo,, from
[3], we obtain theequationof statefor the critical regime:

-~= sgnt Xl~+ IxI~--
2~+ IxI~~{ [(n—i) (sgnt xl2~+ 1) ln~1 + sgntxL20I1 (6)

+ 3 {[(3 +sgntIxI2~)lnIl+3sgntIxL2~1—1n4 + [1n4—ln27] [1 +sgnt IxI2~1~}.

Here,2/3 = 1 + 3e/(n + 8), S = (d + 2)/(d—2)andx = t/M1I~.Eq. (5) agreeswith [1] with n = 1. It is expressedin
Griffiths asymptoticform [81.

As pointedout earlier, our generatorcontainssomeinformation from every order in perturbationtheory. It
will be of interestto investigateif a schemeis availablein the differential generatorapproachsimilar to the diagram
resummationtechniquesin field theory [11.

Elsewhere,we havegeneralized(1) to systemswith global constraintsand arbitraryspin-groupings[9]. We have
appliedour differential techniqueto studytheglobal behaviorof theequationof stateof a compressibleferromag-
netwith a generalized“Lifshitz” propagator[9, 10].
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