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We proposea methodto generatea sequencef randomnumberswith long-rangepower-lawcorrelations
that overcomesnown dif®cultiesassociatedvith large systemsThe methodpresentanimprovemenion the
commonlyusedmethods.We apply the algorithmto generateenhancedliffusion, isotropic, and anisotropic
self-af®nesurfacesandisotropic and anisotropiccorrelatedpercolation.

PACSnumbers!: 02.702 ¢, 05.401 j

I. INTRODUCTION

Recently,the study of physicalsystemsdisplayinglong-
rangepower-lawcorrelationhasattractedconsiderablatten-
tion. Long-rangecorrelationshave been found in a wide
numberof systemsjncluding biological, physical,economi-
cal, geological,andurbansystems@# Attemptsto studyand
characterizesuch systemsare often basedon numerical
methodsto generatecorrelatednoise @,3%# One of the most
used methodsto generatea sequenceof random numbers
with power-law correlationsis the Fourier ®lteringmethod
+FFM! @,4,5¢ It consistof ®lteringthe Fouriercomponents
of anuncorrelatecsequencef randomnumberswith a suit-
able power-law ®lter in order to introduce correlations
amongthe variables.This methodhasthe disadvantagef
presentinga ®nite cutoff in the rangeover which the vari-
ablesare actually correlated@= 6 As a consequencepne
must generatea very large sequenceof numbers,and then
useonly the small fraction of them that are actually corre-
lated ~this fraction can be as small as 0.1% of the initial
lengthof the sequence®,5#. This limitation makesthe FFM
unsuitablefor the study of scalingpropertiesin the limit of
large systems.

Herewe modify the FFM in orderto removethe cutoff in
the range of correlations.We show that in the modi®ed
methodthe actual correlationsextendto the whole system
We alsoapply the methodto generateseveralsystemssuch
asfractionalBrownianmotion, self-af®nesurfacesandlong-
rangecorrelatedpercolation.

Il. FOURIER FILTERING METHOD

We start by de®ningthe FFM @,4,5#for the d5 1 case
(d is the dimensionof the samplé. Considera stationary
sequencef L uncorrelatedrandomnumbers®u; % 4 .
The correlation function is "ujuiy | & o o, with 4 o the
Kronecker delta, and the bracketsdenotean averagewith
respectto a Gaussiandistribution. The goal is to use the
sequencéu;%in orderto generatea new sequencéy/r; %avith
a long-rangepower-law correlation function C(l ) of the
form

CH [ Myh & 129 A1, !
Here, g is the correlationexponentandthe long-rangecor-
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relationsarerelevantfor 0, g, d, whered5 1. The spectral
density S(q) de®nedas the Fourier transformof C(l ) @#
hasthe asymptoticform

Sq!5 Mghy & 9% ~q! 0. 2!

Here $/1,%correspondgo the Fourier transformcoef®cients
of $7,% andsatis®es

he5 @~q!#u,, 3!

wheredu %are the Fourier transformcoef®cientof $u;%

The actualnumericalalgorithm for FFM consistsof the
following steps.

! Generatea one-dimensionasequencéu;%of uncorre-
latedrandomnumberswith a Gaussiardistribution,and cal-
culatethe Fourier transformcoef®cientsu%@#

~i! Obtain$/,%using 2! and-3!.

~ii! Calculatethe inverse Fourier transformof $/7,%to
obtain $7,% the sequencen real spacewith the desired
power-lawcorrelationfunction ~1!.

. PRESENT METHOD

The FFM methodhasbeenappliedin a numberof studies
of correlatedsystems@,4,5% However, an analysisof the
methodfor largeL showsthat, by following the abovepro-
cedure,one endsup with a sequencef correlatednumbers
whoserangeof correlationsfor d5 1, is only about0.1% of
the systemsize. For example,from an initial sequenceof
10° numberspnly 10° numbersshowthe desiredpower-law
correlations@# Ford5 2, therangeof correlationsncreases
to 1% of the systensize @# In orderto removethis arti®cial
cutoff in the correlations,we modify the FFM algorithm as
follows.

~al To calculatethe spectraldensityS(q), a well-de®ned
correlationfunctionin the real spaces neededThe function
C(l )5 | 29 hasasingularityat| 5 0. We replace~1! with a
slightly modi®edcorrelation function that has the desired
power-lawbehaviorfor largel , andis well-de®nedat the
origin,

CH [ ~1 1 21292, ~Al

~b! Therelation-3! is basedon the convolutiontheorem,
andthereforethe desiredcorrelationfunction4! mustsatisfy
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FIG. 1. A log-log plot of the
averagecorrelation C(l ) of 50
correlated samplesobtained with
the proposedmethodfor L5 2%,
Shownareresultsfor differentval-
ues of the desiredg 5 0.2, 0.4,
RN 0.6, and 0.8 ~from top to bottom.
=t Thedashedinesrepresenthebest
®tswhichyield thenominalvalues

ahaTl s of g5 0.1% 0.02, 0.3% 0.02,

0.606 0.03, and 0.7% 0.03. The
correlations are calculated until

L/2 due to the periodic boundary
4 conditions.

10

the properperiodic boundarycondition. The function C(l )
canbe naturallyextendedo negativevaluesof | dueto the
| 2 dependence. We de®ne ~4! in the interval
@ L/2,... L/2# andimposeperiodicboundaryconditions,
ie,C(l)s5C( 1L).

~¢! The discreteFouriertransformof 4!b neededo ob-
tain /15 using-3!D cannow be calculatedanalytically

2p1/2 gD
SA'S G gWKeat

where g takesvaluesq5 2pm/L with m52 L/2,...,L/2,
Kp(q) is the modi®ed Bessel function of order
b5 (g2 1)/2, and G is the gammafunction.

The modi®edBesselfunctions satisfy the asymptoticre-

lations
Gly! 3D
e?d
q

for b positive and by de®nitionK, ,5 K, . Thenfor small
valuesof g, 5! givesthe sameasymptoticform as-2!. How-
ever the Besseffunctionintroducesa cutof for largeq in the
sensethat S(q) hasa fasterexponentialdecay This cutoff,
while irrelevantto the long-distancescaling,is very impor-
tantfor the validity of the whole Fourieranalysisbecauset
avoidsaliasingeffects~seeChap.7 in @#! The cutoff in the
Fourierspaceds thusresponsibldor eliminatingthe cutof in
real spaceobservedn the FFM.

In orderto performthe abovestepsnumerically we em-
ploy the fast Fourier transform@®,1G% Due to the periodic
boundarycondition imposedon the correlationfunction, it
follows that the correlatedsamplesatis®eshe sameperiod-

-5l

if g 1

if q@1,

icity. If onerequiresa sequenceavith openboundarycondi-
tions, we generatagwice asmany numbersandthensplit the
sequenceénto two parts @1#

To test the actual correlationsof the generatedsample
$/1,%we calculateC(l ) averagingover differentrealizations
of random numbers.Figure 1 showsa plot of the actual
correlationsobtainedfor differentvaluesof g andfor a se-
quenceof L5 22! numbers.It is seenthat the long-range
correlationsexist for the whole system.The nominal values
of g obtainedfrom the best®tsarealsothe same within the
error bars,asthe desiredinput values.

To summarizethe method, the correlation function we
proposeis well-de®nedand satis®eghe correct powerlaw
behaviorin the real spacelts Fouriertransformhasthe cor-
rectpowerlaw at smallfrequenciesandpresents cutoff for
largefrequencieghatavoidsaliasingeffects,andleadsto the
in®nite long-range behavior in real space.An alternative
methodin which S(q) was calculatednumerically in con-
trastto the analyticalexpression5!, is givenin @2%

IV. APPLICATIONS

In thefollowing we applythe proposednethodto several
physicalproblems.

A. Generating fractional Brownian motion ,FBM...

We map the variables$7;%0onto the stepsof a correlated
randomwalk, and de®nethe position of the walker at step
t by x(t)5 ( {5 1/1;. Then,x(t) correspondso at-stepFBM,
and the sequenceof increments$7,%is called fractional
Gaussiannoise +GN!' @34%# An important quantity is the
mean-squardisplacementf the FBM whoseasymptoticbe-
havioris

NX~12 X~ P& U2 tof? 9. 7!

Thus the long-rangecorrelationslead to enhancedliffu-
sion @4# Mx(t)2 x(to)#& u2 to™ for 0, g, 1 with
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H5 12 g/2 @5# Figure 2 shows the plots of the mean
squaredisplacementor differentdegreeof correlationsThe
®tscon®rmthe validity of the long-rangecorrelationsamong
the variablesin the whole systemsize.

B. Generating long-range correlationsin d dimensions
The algorithmcanbe easily generalizedo higherdimen-
sions. In a d-dimensionalcube of volume LY the desired
correlationfunction takesthe form

d Dglz
cAWs Sl Q | 2 ,
is1

with the corresponding periodic boundary condition
C(IWs c(IM Y. The spectraldensityis

8!

2pdi2 Dd
p—$ Kbd,\q!,

S5 Gbyl 1!

9!

whereq5 Wl g5 2pm;/L, 2 L/I2<m< L/2,i51, ... d,
and by5 (g2 d)/2. In the two-dimensionalcasethe corre-
lated variablesare de®nedin an xy squarelattice $7; ;%
Figure 3 showsa testof the actualcorrelationsobtainedin
two dimensiondor differentdegreeof correlationsandfor a
systemof L5 211,

C. Generating FBM in two dimensions

The two-dimensionalcorrelatednumbers$; ;%can be
usedto generatéawo-dimensionaFBM. We proposethe fol-
lowing de®nition@6#

1 - *°‘0~uo* ]
«\:\l.'.\. .HO*OQ*..‘
A e - ®y *oves
2 A . g g 000
107 A, . e, = FIG. 3. Log-log plot of the
'y \’\, "-‘ correlationsalongthe diagonaldi-
*A\‘ ‘.‘ "1;\“ rection in a square lattice of
~ i ., e, “..\r . i 2113 21 Shown are results for
= A, D T different values of g5 0.4, 0.8,
) a, LN 1.2,and 1.6 from top to botton,
*\‘\ *e> ~ and we take averagesover 50
107 N MR IR NN 3 samples.The ®ts yield nominal
AA}\‘\A * 0 values of g5 0.416 0.02,
A A 0.816 0.03, 1.2 0.03, and
s T a . 1.5% 0.04.
Aa \\4\ A
A x\
el 4 ) N
100 10' 10° 10°
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After some algebra, we ®nd that when the numbers
$; j¥are long-rangecorrelatedthen

Nh~t,s!12 htg,50! F& W2 t!%1 ~s2 501242 92, 41!

Thus,usingthe correlatedhumberswith 0, g, 2, FBM can
be generatedwith exponent given by H5 12 g/2 and
0, H, 1. A landscapewith this scaling behavioris also
calleda self-af®nesurface@7#

D. Generating anisotropic long-range correlations
Many physical systemsdisplay not only correlationsbut
also anisotropy @# re ected in different correlation expo-
nentsalongdifferentdirections.We generalizethe algorithm
for this case.We proposea correlationfunction suitablefor
two-dimensionabnisotropicsystems

C~, w5 r2 9%cofwl r2 Yysirfw, 42

where(r,w) arethepolarcoordinatesThe spectraldensityis
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FIG. 4. Sitepercolationin the squardattice of
10243 1024 for differentdegreesof correlations
andconcentrations-al and-b! correspondo the
correlatedcasewith g5 0.2, while ! and !
correspondo the uncorrelatedoercolationprob-
lem, below and at the thresholdfor both cases,
respectively Unoccupiedsites are in black and
occupiedsitesarein white. ~e! showsthe caseof
anisotropic percolation generated with the
method of Sec.IV D for g,5 0.2 and g,5 1.8,
andfor the sameconcentratiorasin ~&. We no-
tice how the clustersare elongatedalong the di-
rection of the smaller exponent-strong correla-
tiond. The ®guresare generatedising the same
seedfor the randomnumbergeneratar

p%°G-11 b,/2! codw,
Sq,wy!5 d
AT 2125xG22 by J2!  gPx

p¥2G-11 byl2! sirfw,

~13l
Lomncaa by gt 0

with 6,5 22 g,, and b,5 22 g,. Then the proposed
method can be applied to generateanisotropic correlated
numbersThis methodmight be suitablefor the simulationof

geologicalreservoirsystemsfor which stronganisotropyis

found @# Moreover after generatingthe anisotropicvari-

ables/1, we canapplythe procedureoutlinedin Sec.lV Cin

orderto obtainan anisotropicself-af®nesurface.

E. Correlated percolation problem

A qualitative check of the impact of long-rangecorrela-
tions for physical systemscan be obtainedby applying the
proposedmethodto a concretephysicalproblem:the corre-
lated percolation @8% The propertiesof long-rangecorre-
lated site percolationin the squarelattice havebeenrecently
studied@# However thesestudieswere limited to systems
not larger than 1043 104 sites. The methodwe presenthere
allows usto studythis problemin thelimit of large systems.
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Figure4 illustratestheresultsobtainedfor site percolationon
a squarelattice of 10243 1024 sites.We seethat the intro-
duction of long-range correlationsamong the occupancy
variablesstrongly affects the morphologyof the system.In
the correlatedcasethe clusterslook more compactthan in
the uncorrelatedcase.The lack of correlationsin the uncor
relatedcaseis seenfrom the presenceof many small black
holesinsidethe large clusters@ig. 4-d'# Also, at smallcon-
centrationghereareonly small clusters@ig. 4~c!# while for
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the correlatedcase,large clustersare presenteven at low
concentration®@ig. 4-al#
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