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We proposea methodto generatea sequenceof randomnumberswith long-rangepower-lawcorrelations
thatovercomesknowndif®cultiesassociatedwith large systems. Themethodpresentsan improvementon the
commonlyusedmethods.We apply the algorithm to generateenhanceddiffusion, isotropic,and anisotropic
self-af®nesurfaces,andisotropicandanisotropiccorrelatedpercolation.

PACSnumber~s!: 02.70.2 c, 05.40.1 j

I. INTRODUCTION

Recently,the study of physicalsystemsdisplayinglong-
rangepower-lawcorrelationhasattractedconsiderableatten-
tion. Long-rangecorrelationshave been found in a wide
numberof systems,including biological,physical,economi-
cal,geological,andurbansystems@1#. Attemptsto studyand
characterizesuch systemsare often based on numerical
methodsto generatecorrelatednoise@2,3#. Oneof the most
usedmethodsto generatea sequenceof randomnumbers
with power-lawcorrelationsis the Fourier ®lteringmethod
~FFM! @2,4,5#. It consistsof ®lteringtheFouriercomponents
of an uncorrelatedsequenceof randomnumberswith a suit-
able power-law ®lter in order to introduce correlations
amongthe variables.This methodhas the disadvantageof
presentinga ®nitecutoff in the rangeover which the vari-
ablesare actually correlated@4±6#. As a consequence,one
must generatea very large sequenceof numbers,and then
useonly the small fraction of them that are actually corre-
lated ~this fraction can be as small as 0.1% of the initial
lengthof thesequence@4,5#!. This limitation makestheFFM
unsuitablefor the studyof scalingpropertiesin the limit of
largesystems.

Herewe modify theFFM in orderto removethecutoff in
the range of correlations.We show that in the modi®ed
methodthe actual correlationsextendto the whole system.
We alsoapply the methodto generateseveralsystemssuch
asfractionalBrownianmotion,self-af®nesurfaces,andlong-
rangecorrelatedpercolation.

II. FOURIER FILTERING METHOD

We start by de®ningthe FFM @2,4,5# for the d5 1 case
(d is the dimensionof the sample!. Considera stationary
sequenceof L uncorrelatedrandomnumbers$ui%i 5 1, . . . ,L .
The correlation function is ^uiui 1 l &; dl ,0 , with dl ,0 the
Kroneckerdelta, and the bracketsdenotean averagewith
respectto a Gaussiandistribution. The goal is to use the
sequence$ui%in orderto generatea newsequence$h i%with
a long-rangepower-law correlation function C( l ) of the
form

C~l ! [ ^h ih i 1 l &; l 2 g ~l ! ` ! . ~1!

Here,g is the correlationexponent,andthe long-rangecor-

relationsarerelevantfor 0, g, d, whered5 1. Thespectral
densityS(q) de®nedas the Fourier transformof C( l ) @7#
hasthe asymptoticform

S~q!5 ^h qh 2 q&; qg2 1 ~q! 0! . ~2!

Here$h q%correspondsto the Fourier transformcoef®cients
of $h j%, andsatis®es

h q5 @S~q! #1/2uq , ~3!

where$uq%arethe Fourier transformcoef®cientsof $ui%.
The actualnumericalalgorithm for FFM consistsof the

following steps.
~i! Generatea one-dimensionalsequence$ui%of uncorre-

latedrandomnumberswith a Gaussiandistribution,andcal-
culatethe Fourier transformcoef®cients$uq%@8#.

~ii ! Obtain$h q%using~2! and~3!.
~iii ! Calculatethe inverseFourier transformof $h q%to

obtain $h i%, the sequencein real spacewith the desired
power-lawcorrelationfunction ~1!.

III. PRESENT METHOD

TheFFM methodhasbeenappliedin a numberof studies
of correlatedsystems@1,4,5#. However,an analysisof the
methodfor largeL showsthat, by following the abovepro-
cedure,oneendsup with a sequenceof correlatednumbers
whoserangeof correlations,for d5 1, is only about0.1% of
the systemsize. For example,from an initial sequenceof
106 numbers,only 103 numbersshowthedesiredpower-law
correlations@4#. For d5 2, therangeof correlationsincreases
to 1% of thesystemsize@5#. In orderto removethis arti®cial
cutoff in the correlations,we modify the FFM algorithmas
follows.

~a! To calculatethe spectraldensityS(q), a well-de®ned
correlationfunction in therealspaceis needed.Thefunction
C( l )5 l 2 g hasa singularityat l 5 0. We replace~1! with a
slightly modi®edcorrelation function that has the desired
power-lawbehaviorfor large l , and is well-de®nedat the
origin,

C~l ! [ ~11 l 2! 2 g/2. ~4!

~b! The relation~3! is basedon the convolutiontheorem,
andthereforethedesiredcorrelationfunction~4! mustsatisfy
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the properperiodicboundarycondition.The function C( l )
canbenaturallyextendedto negativevaluesof l dueto the
l 2 dependence. We de®ne ~4! in the interval
@2 L/2, . . . ,L/2#, andimposeperiodicboundaryconditions,
i.e., C( l )5 C( l 1 L).

~c! The discreteFouriertransformof ~4!Ð neededto ob-
tain h q using~3!Ð cannow be calculatedanalytically,

S~q!5
2p 1/2

G~b1 1! Sq

2Db

Kb~q! , ~5!

where q takesvaluesq5 2p m/L with m52 L/2, . . . ,L/2,
Kb(q) is the modi®ed Bessel function of order
b5 (g2 1)/2, andG is the gammafunction.

The modi®edBesselfunctionssatisfy the asymptoticre-
lations

Kb~q!5 HG~b !

2 Sq

2Db

if q! 1

Ap
2q

e2 q if q@1,
~6!

for b positive and by de®nitionK2 b5 Kb . Then for small
valuesof q, ~5! givesthesameasymptoticform as~2!. How-
ever, theBesselfunctionintroducesa cutoff for largeq in the
sensethat S(q) hasa fasterexponentialdecay. This cutoff,
while irrelevantto the long-distancescaling,is very impor-
tant for the validity of the whole Fourieranalysisbecauseit
avoidsaliasingeffects~seeChap.7 in @9#!. Thecutoff in the
Fourierspaceis thusresponsiblefor eliminatingthecutoff in
real spaceobservedin the FFM.

In order to performthe abovestepsnumerically, we em-
ploy the fast Fourier transform@9,10#. Due to the periodic
boundarycondition imposedon the correlationfunction, it
follows that the correlatedsamplesatis®esthe sameperiod-

icity. If onerequiresa sequencewith openboundarycondi-
tions,we generatetwice asmanynumbersandthensplit the
sequenceinto two parts@11#.

To test the actual correlationsof the generatedsample
$h i%we calculateC( l ) averagingoverdifferentrealizations
of random numbers.Figure 1 shows a plot of the actual
correlationsobtainedfor different valuesof g and for a se-
quenceof L5 221 numbers.It is seenthat the long-range
correlationsexist for the wholesystem.The nominalvalues
of g obtainedfrom thebest®tsarealsothesame,within the
error bars,asthe desiredinput values.

To summarizethe method, the correlation function we
proposeis well-de®nedand satis®esthe correctpower-law
behaviorin the real space.Its Fouriertransformhasthe cor-
rectpowerlaw at small frequencies,andpresentsa cutoff for
largefrequenciesthatavoidsaliasingeffects,andleadsto the
in®nite long-rangebehavior in real space.An alternative
methodin which S(q) was calculatednumerically, in con-
trast to the analyticalexpression~5!, is given in @12#.

IV. APPLICA TIONS

In the following we apply theproposedmethodto several
physicalproblems.

A. Generating fractional Brownian motion „FBM…
We mapthe variables$h i%onto the stepsof a correlated

randomwalk, and de®nethe position of the walker at step
t by x(t)5 ( i 5 1

t h i . Then,x(t) correspondsto a t-stepFBM,
and the sequenceof increments$h i%is called fractional
Gaussiannoise ~FGN! @13#. An important quantity is the
mean-squaredisplacementof theFBM whoseasymptoticbe-
havior is

^ux~t !2 x~t0!u2&; ut2 t0u
22 g. ~7!

Thus the long-rangecorrelationslead to enhanceddiffu-
sion @14# ^ux(t)2 x(t0)u2&; ut2 t0u

2H for 0, g, 1 with

FIG. 1. A log-log plot of the
averagecorrelation C( l ) of 50
correlatedsamplesobtainedwith
the proposedmethodfor L5 221.
Shownareresultsfor differentval-
ues of the desiredg 5 0.2, 0.4,
0.6, and0.8 ~from top to bottom!.
Thedashedlinesrepresentthebest
®tswhich yield thenominalvalues
of g5 0.196 0.02, 0.396 0.02,
0.606 0.03, and 0.796 0.03. The
correlations are calculated until
L/2 due to the periodic boundary
conditions.
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H5 12 g/2 @15#. Figure 2 shows the plots of the mean
squaredisplacementfor differentdegreeof correlations.The
®tscon®rmthevalidity of thelong-rangecorrelationsamong
the variablesin the whole systemsize.

B. Generating long-range correlations in d dimensions
The algorithmcanbe easilygeneralizedto higherdimen-

sions. In a d-dimensionalcube of volume Ld the desired
correlationfunction takesthe form

C~lW!5 S11 (
i 5 1

d

l i
2D2 g/2

, ~8!

with the corresponding periodic boundary condition
C( lW)5 C( lW1 LW). The spectraldensityis

S~qW!5
2p d/2

G~b d1 1! Sq

2Db d

Kb d
~q! , ~9!

whereq5 uqWu, qi5 2p mi /L, 2 L/2< mi< L/2, i 5 1, . . . ,d,
and b d5 (g2 d)/2. In the two-dimensionalcasethe corre-
lated variablesare de®nedin an xy squarelattice $h i , j%.
Figure 3 showsa test of the actualcorrelationsobtainedin
two dimensionsfor differentdegreeof correlations,andfor a
systemof L5 211.

C. Generating FBM in two dimensions

The two-dimensionalcorrelatednumbers$h i , j%can be
usedto generatetwo-dimensionalFBM. We proposethe fol-
lowing de®nition@16#,

FIG. 2. Log-log plot of the meansquaredis-
placementfor the FBM, for the samevaluesof
the desiredg as in Fig. 1 ~from bottom to top!.
The slopes of the linear ®ts yield 22 g5
1.786 0.02, 1.606 0.02, 1.426 0.03, and
1.236 0.03, respectively, in agreementwith (7).

FIG. 3. Log-log plot of the
correlationsalongthediagonaldi-
rection in a square lattice of
2113 211. Shown are results for
different values of g5 0.4, 0.8,
1.2, and1.6 ~from top to bottom!,
and we take averagesover 50
samples.The ®ts yield nominal
values of g5 0.416 0.02,
0.816 0.03, 1.206 0.03, and
1.596 0.04.
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h~t,s! [ (
i 5 1

t

h i ,s1 (
j 5 1

s

h t, j . ~10!

After some algebra, we ®nd that when the numbers
$h i , j%are long-rangecorrelatedthen

^uh~t,s!2 h~t0 ,s0!u2&; u~t2 t0! 21 ~s2 s0! 2u12 g/2. ~11!

Thus,usingthecorrelatednumberswith 0, g, 2, FBM can
be generatedwith exponent given by H5 12 g/2 and
0, H, 1. A landscapewith this scaling behavior is also
calleda self-af®nesurface@17#.

D. Generating anisotropic long-range correlations
Many physicalsystemsdisplay not only correlationsbut

also anisotropy@1# re¯ected in different correlation expo-
nentsalongdifferentdirections.We generalizethealgorithm
for this case.We proposea correlationfunction suitablefor
two-dimensionalanisotropicsystems

C~r ,w!5 r 2 gxcos2w1 r 2 gysin2w, ~12!

where(r ,w) arethepolarcoordinates.Thespectraldensityis

S~q,wq!5
p 3/2G~11 b x/2!

212 b xG~22 b x/2!

cos2wq

qb x

1
p 3/2G~11 b y/2!

212 b yG~22 b y/2!

sin2wq

qb y
, ~13!

with b x5 22 gx , and b y5 22 gy . Then the proposed
method can be applied to generateanisotropic correlated
numbers.This methodmight besuitablefor thesimulationof
geologicalreservoirsystemsfor which stronganisotropyis
found @1#. Moreover, after generatingthe anisotropicvari-
ablesh , we canapplytheprocedureoutlinedin Sec.IV C in
order to obtainan anisotropicself-af®nesurface.

E. Corr elated percolation problem

A qualitativecheckof the impact of long-rangecorrela-
tions for physicalsystemscan be obtainedby applying the
proposedmethodto a concretephysicalproblem:the corre-
lated percolation@18#. The propertiesof long-rangecorre-
latedsitepercolationin thesquarelatticehavebeenrecently
studied@5#. However, thesestudieswere limited to systems
not larger than1043 104 sites.The methodwe presenthere
allowsus to studythis problemin the limit of largesystems.

FIG. 4. Sitepercolationin thesquarelatticeof
10243 1024 for different degreesof correlations
andconcentrations.~a! and~b! correspondto the
correlatedcasewith g5 0.2, while ~c! and ~d!
correspondto the uncorrelatedpercolationprob-
lem, below and at the thresholdfor both cases,
respectively. Unoccupiedsites are in black and
occupiedsitesarein white. ~e! showsthecaseof
anisotropic percolation generated with the
methodof Sec. IV D for gx5 0.2 and gy5 1.8,
andfor the sameconcentrationas in ~a!. We no-
tice how the clustersareelongatedalong the di-
rection of the smaller exponent~strong correla-
tions!. The ®guresare generatedusing the same
seedfor the randomnumbergenerator.
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Figure4 illustratestheresultsobtainedfor sitepercolationon
a squarelattice of 10243 1024 sites.We seethat the intro-
duction of long-rangecorrelationsamong the occupancy
variablesstrongly affects the morphologyof the system.In
the correlatedcasethe clusterslook more compactthan in
the uncorrelatedcase.The lack of correlationsin the uncor-
relatedcaseis seenfrom the presenceof many small black
holesinsidethe largeclusters@Fig. 4~d!#. Also, at small con-
centrationsthereareonly smallclusters@Fig. 4~c!#, while for

the correlatedcase,large clustersare presenteven at low
concentration@Fig. 4~a!#.
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