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We study the statisticalpropertiesof volatility, measuredby locally averagingover a time window T, the
absolutevalue of price changesover a short time interval Dt. We analyzethe S&P 500 stock index for the
13-yearperiodJan.1984to Dec.1996.We ®ndthat the cumulativedistributionof the volatility is consistent
with a power-lawasymptoticbehavior,characterizedby an exponentm' 3, similar to what is found for the
distributionof pricechanges.Thevolatility distributionretainsthesamefunctionalform for a rangeof values
of T. Further,we studythevolatility correlationsby usingthepowerspectrumanalysis.Both methodssupport
a powerlaw decayof the correlationfunction andgive consistentestimatesof the relevantscalingexponents.
Also, both methodsshowthe presenceof a crossoverat approximately1.5 days.In addition,we extendthese
resultsto the volatility of individual companiesby analyzinga databasecomprisingall tradesfor the largest
500 U.S. companiesover the two-yearperiodJan.1994to Dec.1995.@S1063-651X~99!04808-4#

PACSnumber~s!: 89.90.1 n

I. INTRODUCTION

1Physicistsare increasinglyinterestedin economictime
seriesanalysisfor severalreasons,amongwhich arethe fol-
lowing. ~i! Economictime series,suchasstockmarketindi-
cesor currencyexchangerates,dependon theevolutionof a
largenumberof interactingsystems,andso is anexampleof
complexevolvingsystemswidely studiedin physics.~ii ! The
recentavailability of largeamountsof dataallows the study
of economictime serieswith a high accuracyon a wide
rangeof time scalesvarying from ' 1 min up to ' 1 yr.
Consequently,a largenumberof methodsdevelopedin sta-
tistical physicshave beenapplied to characterizethe time
evolutionof stockpricesandforeignexchangerates@1±19#.

Previousstudies@1±33# show that the stochasticprocess
underlyingpricechangesis characterizedby severalfeatures.
The distribution of price changeshas pronouncedtails
@1±7,14±20# in contrastto a Gaussiandistribution.The au-
tocorrelationfunction of price changesdecaysexponentially
with a characteristictime of approximately4 min. However,
recent studies @20±31# show that the amplitude of price
changes,measuredby the absolutevalue or the square,
showspowerlaw correlationswith long-rangepersistenceup
to severalmonths.Theselong-rangedependenciesarebetter
modeledby de®ninga ``subsidiaryprocess''@20±22#, often
referredto asthe volatility in economicliterature.The vola-
tility of stock price changesis a measureof how much the
marketis liable to ¯uctuate.The ®rststepis to constructan
estimatorfor thevolatility. Here,we estimatethevolatility as

the local averageof the absoluteprice changes.
Understandingthe statistical propertiesof the volatility

alsohasimportantpracticalimplications.Volatility is of in-
terestto tradersbecauseit quanti®esthe risk @4# and is the
key input of virtually all optionpricing models,includingthe
classic Black and Scholesmodel and the Cox, Ross,and
Rubinsteinbinomial modelsthat are basedon estimatesof
the asset'svolatility over the remaining life of the option
@34,35#. Without an ef®cientvolatility estimate,it would be
dif®cult for tradersto identify situationsin which options
appearto be underpricedor overpriced.

We focus on two basic statistical properties of the
volatilityÐthe probability distributionfunction andthe two-
point autocorrelationfunction.Thepaperis organizedasfol-
lows. In Sec.II, we brie¯y describethedatabasesusedin this
study, the S&P 500 stock index, and individual company
stock prices. In Sec. III, we discussthe quanti®cationof
volatility. In Sec.IV, the probability distributionfunction is
studied,andin Sec.V, thevolatility correlationsarestudied.
Theappendixbrie¯y describesa recently-developedmethod,
called detrended̄ uctuation analysis~DFA! that we use to
quantify power-lawcorrelations.

II. DATA ANALYZED

A. S&P 500 stock index

The S&P 500 index from the New York StockExchange
~NYSE! consistsof 500 companieschosenfor their market
size,liquidity, andindustrygrouprepresentationin the U.S.
It is a market-valueweighted index, i.e., each stock is
weighted proportional to its stock price times number of
sharesoutstanding.The S&P 500 index, is one of the most
widely used benchmarksof U.S. equity performance.We
analyzethe S&P 500 historical data,for the 13-yearperiod
Jan. 1984 to Dec. 1996 @Fig. 1~a!# with a recording fre-
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quencyof 15 s intervals.The total numberof datapoints in
this 13-yearperiodexceed4.5 million, andallows for a de-
tailed statisticalanalysis.

B. Individual company stocks

We also analyzethe tradesand quotes~TAQ! database
which documentsevery tradefor all the securitieslisted in
the three major U.S. stock marketsÐthe New York Stock
Exchange~NYSE!, the AmericanStockExchange~AMEX!,
and the National Associationof SecuritiesDealersAuto-
matedQuotation~NASDAQ!Ðfor the two-yearperiodfrom
Jan.1994 to Dec. 1995 @36#. We study the marketcapitali-
zations@37#for the500 largestcompanies,rankedaccording
to the marketcapitalizationon Jan.1, 1994.The S&P 500
index at anytimeis approximatelythe sum of marketcapi-
talizationsof these500companies@38#. The total numberof
datapointsanalyzedexceed20 million.

III. QUANTIFYING VOLATILITY

The term volatility representsa genericmeasureof the
magnitude of market ¯uctuations. Thus, many different
quantitativede®nitionsof volatility areusein the literature.
In this study,we focuson oneof thesemeasuresby estimat-
ing the volatility as the local averageof absoluteprice
changesover a suitabletime interval T, which is an adjust-
ableparameterof our estimate.

Figure1~a! showsthe S&P 500 index Z(t) from 1984to
1996in semi-logscale.We de®nethe price changeG(t) as
the changein the logarithmof the index

G~t ! [ ln Z~t1 Dt !2 ln Z~t !>
Z~t1 Dt !2 Z~t !

Z~t !
, ~1!

whereDt is the samplingtime interval. In the limit of small
changesin Z(t) is approximatelytherelativechange,de®ned
by the secondequality.We only count time during opening
hoursof thestockmarket,andremovethenights,weekends,
andholidaysfrom the dataset,i.e., the closingandthe next
openingof the marketis consideredto be continuous.

Theabsolutevalueof G(t) describestheamplitudeof the
¯uctuation,asshownin Fig. 1~b!. In comparisonto Fig. 1~a!,
Fig. 1~b! doesnot showvisible global trendsdueto theloga-
rithmic difference.The largevaluesof uG(t)ucorrespondto
the crashesandbig rallies.

We de®nethe volatility as the averageof uG(t)uover a
time window T5 nDt, i.e.,

VT~t ! [
1

n (
t85 t

t1 n2 1

uG~t8!u, ~2!

wheren is an integer.The abovede®nitioncan be general-
ized @31# by replacing uG(t)u with uG(t)ug, where g. 1
gives more weight to the large valuesof uG(t)uand 0, g
, 1 weightsthe small valuesof uG(t)u.

Thereare two parametersin this de®nitionof volatility,
Dt andn. TheparameterDt is thesamplingtime interval for
the dataandthe parametern is the moving averagewindow
size.Note thatour de®nitionof thevolatility hasan intrinsic
error associatedwith it. In principle, the largerthe choiceof
time interval T, the more accuratethe volatility estimation.
However,a largevalueof T also implies poor resolutionin
time.

Figure2 showsthe calculatedvolatility VT(t) for a large
averagingwindow T5 8190 min ~about1 month! with Dt
5 30 min. Thevolatility ¯uctuatesstronglyduring thecrash
of 1987.We alsonotethat periodsof high volatility arenot
sparsebut tend to ``cluster.'' This clustering is especially
markedaroundthe 1987 crash.The oscillatory patternsbe-
fore the crashcould be possibleprecursors~possiblyrelated
to the oscillatory patternspostulatedin @11,12#!. Clustering
alsooccursin otherperiods,e.g.,in thesecondhalf of 1990.
Therearealsoextendedperiodswherethevolatility remains
at a ratherlow level, e.g.,the yearsof 1985and1993.

IV. VOLATILITY DISTRIBUTION

A. Volatility distribution of the S&P 500 index

1. Centerpart of the distribution

Figure3~a! showsthe probability densityfunction P(VT)
of the volatility for severalvaluesof T with Dt5 30 min.

FIG. 1. ~a! Data analyzed:The S&P 500 index Z(t) for the
13-year period 3 Jan. 1984±31 Dec. 1996 at sampling intervals
Dt5 1 min. Thesedataincludethe datasetanalyzedby Mantegna
and Stanley@18# and the extensionof sevenextra years.Note the
large¯uctuations,suchasthaton 19 Oct. 1987~̀`blackMonday''!.
The index Z(t) has an increasingtrend exceptfor somecrashes,
such as the crashesin Oct. 1987 and May 1990. For the period
studiedthe index canapparentlybe ®tby a straightline on a semi-
log graph, i.e., exponentialgrowth with annual increaserate of
' 15%. ~b! Amplitudeof ¯uctuationsuG(t)u~seetext for de®nition!
with Dt5 1 min.

FIG. 2. Volatility VT(t) with T5 1 month~8190min! andsam-
pling time intervalDt5 30 min of theS&P 500indexfor theentire
13-yearperiod 1984±1996. The highlightedblock showspossible
``precursors''of the Oct. 1987crash.
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The central part shows a quadraticbehavioron a log-log
scale@Fig. 3~a!#, consistentwith a log-normal distribution
@30#. To test this possibility, the appropriatelyscaleddistri-
butionof thevolatility is plottedon a log-log plot @Fig. 3~b!#.
The distributionsof volatility VT , for variouschoicesof T
~from T5 120 min up to T5 900 min), collapseonto one
curveandarewell ®tin thecenterby a quadraticfunctionon
a log-log scale.Sincethecentrallimit theoremholdsalsofor
correlatedseries@39#, with a slower convergencethan for
noncorrelatedprocesses@4,15,28#, in thelimit of largevalues
of T, oneexpectsthat P(VT) becomesGaussian.However,a
log-normaldistribution ®tsthe databetter than a Gaussian,
asis evidentin Fig. 4 which comparesthebestlog-normal®t
with the best Gaussian®t for the data @30#. The apparent
scalingbehaviorof volatility distributioncould be attributed
to the long persistenceof its autocorrelationfunction @28#
~Sec.V!.

2. Tail of the distribution

Althoughthelog-normalseemsto describewell thecenter
part of the volatility distribution,Fig. 3~a! suggeststhat the
distribution of the volatility hasquite different behaviorin
the tail. Sinceour time window T for estimatingvolatility is
quite large,it is dif®cultto obtainsigni®cantstatisticsfor the
tail. Recentstudiesof the distribution for price changesre-
port power law asymptoticbehavior@14,20,33#. Since the
volatility is thelocal averageof theabsolutepricechanges,it
is possible that a similar power law asymptoticbehavior
might characterizethe distribution of the volatility. Hence
we reducethe time window T andfocuson the``tail'' of the
volatility.

We computethe cumulativedistributionof the volatility,
Eq. ~2! for different time scales,Fig. 5~a!. We ®ndthat the

FIG. 3. ~a! Probabilitydistributionof the volatility on a log-log
scalewith different time windowsT with Dt5 30 min. The center
part of the distribution showsa quadraticbehavioron the log-log
scale.The asymptoticbehaviorseemsconsistentwith a powerlaw.
~b! Centerof the distribution:The volatility distribution for differ-
ent window sizes T using the log-normal scaling form Anexp(a
1 n/4)P(VT) as a function of @ln(VT)2 a#/Apn , wherea andn are
themeanandthewidth on a logarithmicscale.Thescaleddistribu-
tions are shown for the region shown by the box in ~a!. By the
scaling,all curvescollapseto the log-normalform with a5 0 and
n5 1, exp@2 (ln x)2#~solid line!.

FIG. 4. Comparisonof the log-normalandGaussian®tsfor the
volatility distributionfor T5 300 min andDt5 30 min.

FIG. 5. ~a! Thecumulativedistributionfunctionof thevolatility,
scaled by the standard deviation, for time scales T
5 32,64,128min with sampling time interval D5 1 min, using
nonoverlappingwindowsfor the S&P 500 stockindex.Regression
lines yield estimates of the exponent m5 3.106 0.08 for T
5 32 min, m5 3.196 0.10 for T5 64 min, and m5 3.306 0.15
for T5 128 min. The ®tswereperformedover the rangeof scaled
volatility greaterthan1 standarddeviation.Choicesof D from 16
and 32 min were also studied for the samevaluesof T shown.
Resultsobtainedfor thesecasesand the valuesof m obtainedare
consistentwith the presentcase.

1392 PRE 60YANHUI LIU et al.



cumulativedistribution of the volatility is consistentwith a
power law asymptoticbehavior

P~VT. x! ;
1

xm
. ~3!

Regression ®ts yield estimates m5 3.106 0.08 for T
5 32 min with Dt5 1 min, well outside the stable LeÂvy
range0, m, 2.

For largertime scalesthe asymptoticbehavioris dif®cult
to estimatebecauseof poor statisticsat the tails. In view of
the power law asymptoticbehaviorfor the volatility distri-
bution,thedrop-off of P(VT) for low valuesof thevolatility
couldberegardedasa truncationto thepowerlaw behavior,
asopposedto a log-normal.

B. Volatility distribution for individual companies

In this section,we extendthe investigationof the nature
of this distribution to the individual companiescomprising
the S&P 500, where the amount of data is much larger,
which allows for bettersamplingof the tails.

From the TAQ data base,we analyze500 time series
Si(t), where Si is the market capitalizationof companyi
~i.e., thestockpricemultiplied with thenumberof outstand-
ing shares!, i 5 1, . . . ,500 is the rank in descendingorderof
the companyaccordingto its marketcapitalizationon 1 Jan.
1994andthesamplingtime is 5 min.Thebasicquantitystud-
ied for individual stocksis the changein logarithm of the
marketcapitalizationfor eachcompany,

Gi~t ! [ ln Si~t1 Dt !2 ln Si~t !>
Si~t1 Dt !2 Si~t !

Si~t !
, ~4!

where the Si denotesthe market capitalizationof stock i
5 1, . . . ,500andDt5 5 min.

As before,we estimatethe volatility at a given time by
averaginguGi(t)uover a time window T5 nDt,

VT
i [ VT

i ~t ! [
1

n (
t85 t

t1 n2 1

uGi~t8!u. ~5!

A normalizedvolatility is thende®nedfor eachcompany,

vT
i [ vT

i ~t ! [
VT

i

Â@VT
i #2&2 ^VT

i &2
, ~6!

where •̂•• & denotesthe time averageestimatedby non-
overlappingwindowsfor different time scalesT.

Figure6~a! showsthe cumulativeprobability distribution
of the normalizedvolatility vT

i for all 500 companieswith
different averagingwindowsT, wherethe samplinginterval
Dt5 5 min. We observea power law behavior

P~vT
i . x! ;

1

xm
. ~7!

Regression®ts yield m5 3.106 0.11 for T5 10 min. This
behavior is con®rmedby the probability density function
shownin Fig. 6~b!,

P~vT! ;
1

vT
m1 1

, ~8!

with a cutoff at small valuesof thevolatility. Regression®ts
yield the estimate 11 m5 4.066 0.10 for T5 10 min, in
goodagreementwith the estimateof m from the cumulative
distribution.Both the probability densityandthe cumulative
distribution,Figs. 7 and8, show that the volatility distribu-
tion for individual companiesareconsistentwith power-law
asymptotic exponent m' 3, in agreement with the
asymptoticbehaviorof thevolatility distributionfor theS&P
500 index.

In summary,the asymptoticbehaviorof the cumulative
volatility distribution is well describedby a power law be-
havior with exponentm' 3 for the S&P 500 index. This
powerlaw behavioralsoholdsfor individual companieswith

FIG. 6. ~a! The cumulativeprobability distributionon a log-log
scaleof the normalizedvolatility for all the 500 individual compa-
nies for variousaveragingwindow lengths,with a samplingtime
Dt5 5 min. Power law regression®tsyield m5 3.106 0.11 for T
5 10 min, m5 3.166 0.15 for T5 20 min, m5 3.286 0.17 for T
5 40 min, andm5 3.386 0.18for T5 80 min. These®tswereper-
formedin the regionof scaledvolatility between1 and30 standard
deviations.~b! The probability density function of the normalized
volatility for single companies.Regression®tsyield a slopeof 1
1 m5 4.066 0.10 for T5 10 min, 11 m5 4.156 0.13 for T
5 20 min, 11 m5 4.226 0.15 for T5 40 min, and 11 m5 4.38
6 0.16 for T5 80 min. The ®tswere performedin the region of
scaledvolatility between1 and50 standarddeviations.
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similar exponentm' 3 for thecumulativedistribution,with a
drop-off at low values.

V. CORRELATIONS IN THE VOLATILITY

A. Volatility correlations for S&P 500 stock index

Unlike price changesthat are correlatedonly on very
shorttime scales@40# ~a few minutes!, theabsolutevaluesof
price changesshow long-rangepower-law correlationson
time scalesup to a year or more @20±31#. Previousworks
haveshown that understandingthe power-lawcorrelations,
speci®callythe valuesof the exponents,can be helpful for
guidingtheselectionof modelsandmechanisms@32#. There-
fore, in this partwe focuson thequanti®cationof power-law
correlationsof thevolatility. To quantifythecorrelations,we
useuG(t)u insteadof VT(t), i.e., time window T is set to 1
min with Dt5 1 min for the bestresolution.

1. Intraday pattern removal

It is known that there exist intraday patternsof market
activity in the NYSE andthe S&P 500 index @23±25,42#. A
possibleexplanationis that information gathersduring the
time of closureandhencetradersareactiveneartheopening
hours,andmanyliquidity tradersareactivenearthe closing
hours@25#. We ®nda similar intradaypatternin theabsolute
price changesuG(t)u~Fig. 7!. In orderto quantify the corre-
lations in absoluteprice changes,it is important to remove
this trend, lest theremight be spuriouscorrelations.The in-
tradaypatternA(tday), wheretday denotesthe time in a day,
is de®nedastheaverageof theabsolutepricechangeat time
tday of the day for all days:

A~tday! [
(
j 5 1

N

uG j~tday!u

N
, ~9!

where the index j runs over all the trading days N in the
13-yearperiod (N5 3309 in our study! and tday denotesthe
time in the day. In order to avoid the arti®cial correlation
causedby this daily oscillation,we removethe intradaypat-
tern from G(t) which we schematicallywrite as

g~t ! [ G~tday! /A~tday! , ~10!

for all days.Each data point g(t), denotesthe normalized
absolutepricechangeat time t, which is computedby divid-
ing eachpoint G(tday) at time tday of the day by A(tday) for
all days.

Three methodsÐcorrelationfunction, power spectrum,
anddetrended̄uctuation analysis~DFA!Ð areemployedto
quantify the correlationof the volatility. The prosandcons
of eachmethodandtherelationsbetweenthemaredescribed
in the Appendix.

2. Correlation quanti®cation

Figure8~a! showstheautocorrelationfunctionof thenor-
malizedprice changesg(t), which showsexponentialdecay
with a characteristictime of theorderof 4 min. However,we
®ndthat theautocorrelationfunctionof ug(t)uhaspowerlaw
decay,with long persistenceup to severalmonths,Fig. 8~b!.
This resultis consistentwith previousstudieson severaleco-
nomic time series@20±28,40#.

More accurateresultsareobtainedby thepowerspectrum
@Fig. 9~a!#, which showsthat the data®t not onebut rather
two separatepower laws: for f . f 3 , S( f ); f 2 b 1, while for
f , f 3 , S( f ); f 2 b 2, where

b 15 0.316 0.02, f . f 3 , ~11!

b 25 0.906 0.04, f , f 3 , ~12!

and

f 3 5
1

570
min2 1, ~13!

FIG. 7. The 1-min interval intradaypatternfor absoluteprice
changesof the S&P 500 stock index ~1984-1996! ~shifted! andfor
theabsolutepricechanges,averagedfor thechosen500companies
~1994±1995!. The length of the day is 390 minutes.In order to
avoid the detectionof spuriouscorrelations,this daily pattern is
removed.Otherwiseone ®ndspeaksin the power spectrumat the
frequenciesof 1/day and larger.Note that both the curveshavea
similar patternwith large valueswithin the ®rst15 min after the
marketopens.

FIG. 8. ~a! Semilogplot of theautocorrelationfunctionof g(t).
~b! Autocorrelationfunction of ug(t)u in the doublelog plot, with
samplingtime intervalDt5 1 min. Theautocorrelationfunctionof
g(t) decays exponentially to zero within half an hour, C(t)
; exp(2 t/t ) with t ' 4.0 min. A power law correlationC(t); t2 g

exists in the ug(t)u for more than three decades.Note that both
graphsaretruncatedat the®rstzerovalueof C(t). Thesolid line in
~b! is the ®t to the function 1/(11 tg) from which we obtain g
5 0.306 0.08.The horizontaldashedline indicatesthe noiselevel.
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wheref 3 is the crossoverfrequency.
The DFA methodcon®rmsour power spectrumresults

@Fig. 9~a!#. From the behaviorof the power spectrum,we
expectthat the DFA methodwill also predict two distinct
regions of power law behavior,F(t); ta 1 for t, t3 with
exponenta 15 0.66 andF(t); ta 2 for t. t3 with a 25 0.95,
where the constanttime scale t3 [ 1/f 3 , where we have
usedthe relation@39#,

a5 ~11 b ! /2. ~14!

Figure 9~b! showsthe resultsof the DFA analysis.We ob-
servetwo power law regions,characterizedby exponents

a 15 0.666 0.01, t, t3 , ~15!

a 25 0.936 0.02, t. t3 ~16!

in goodagreementwith the estimatesof the exponentsfrom
thepowerspectrum.Thecrossovertime is closeto theresult
obtainedfrom the powerspectrum,with

t3 ' 1/f 3 ' 600 min ~17!

or approximately1.5 tradingdays.

B. Volatility correlations for individual companies

The observedcorrelationsin the price changesand the
absoluteprice changesfor the S&P 500 index raisesthe
question if similar correlationsare presentfor individual
companieswhich comprisethe S&P 500 index @38#.

In theabsolutepricechangesof theindividual companies,
there is also a strongly markedintradaypattern,similar to
that of the S&P 500 index.We computethe intradaypattern
for singlecompaniesin the samesenseasbefore,

Ai~tday! [
(
j 5 1

N

uGi
j~tday!u

N
, ~18!

where time tday refers to the time in the day, the index i
denotescompanies,andthe index j runsover all daysÐ504
days.In Fig. 7 we showthe intradaypattern,averagedover
all the 500 companiesand contrastit with that of the S&P
500 stock index.

In order to avoid the intra-daypatternin our quanti®ca-
tion of thecorrelations,we de®nea normalizedpricechange
for eachcompany,

gi~t ! [ Gi~tday! /Ai~tday! . ~19!

The average autocorrelation function of gi(t), i
5 1,2, . . . ,500,showsweakcorrelationsup to 10 min, after
which thereis no statisticallysigni®cantcorrelation.Theav-
erageautocorrelationfunction for theabsolutepricechanges
showslong persistence.We quantify the long-rangecorrela-
tions by two methodsÐpowerspectrumand DFA. In Fig.
10~a!, we show the power spectraldensity for the absolute
price changesfor individual companiesand contrastit with
the S&P 500 index for the sametwo-yearperiod. We also
observea similar crossoverphenomenaasthat observedfor
the S&P 500 index. The exponentsof the two observed
power laws are

b 15 0.206 0.02, f . f 3 , ~20!

b 25 0.506 0.05, f , f 3 , ~21!

wherethe crossoverfrequencyis

f 3 5
1

700
min2 1. ~22!

In Fig. 10~b!, we con®rmthe power spectrumresultsby
the DFA method.We observetwo power law regimeswith

a 15 0.606 0.01, t, t3 , ~23!

a 25 0.746 0.03, t. t3 ~24!

FIG. 9. Plot of ~a! the power spectrumS( f ) and ~b! the de-
trended̄ uctuationanalysisF(t) of theabsolutevaluesof detrended
incrementsg(t) with the samplingtime interval Dt5 1 min. The
lines showthe bestpower law ®ts(R valuesarebetterthan0.99)
aboveandbelowthecrossoverfrequencyof f 3 5 (1/570) min2 1 in
~a! and of the crossovertime, t3 5 600 min in ~b!. The triangles
show the power spectrumand DFA results for the ``control,''
shuf¯ed data~seetext for details!.
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with a crossover

t3 ' 1/f 3 ' 700 min. ~25!

Theexponentscharacterizingthecorrelationsin theabso-
lute price changesfor individual companiesare on average
smaller than what is observed for the S&P 500 price
changes.This might be due to the cross-dependenciesbe-
tween price changesof different companies.A systematic
studyof the cross-correlationsanddependencieswill be the
subjectof future work @41#.

C. Additional remarks on power-law volatility correlations

Eventhoughseveraldifferentmethodsgive consistentre-
sults,the power-lawcorrelationof the volatility needsto be
tested.It is known that the power-lawcorrelationcould be
causedby someartifacts,e.g., anomalyof the data or the
peculiarshapeof the distribution,etc.

1. Data shuf¯ing

Sincewe ®ndthevolatility to bepower-lawdistributedat
the tail, to test that the power-lawcorrelationis not a spuri-
ous artifact of the long-tailed probability distribution, we
shuf¯ed eachpoint of the ug(t)urandomlyfor the S&P 500
data.The shuf¯ing operationkeepsthe distributionof ug(t)u
unchanged,but destroysthe correlationsin the time series
totally if thereareany. DFA measurementof this randomly
shuf¯ed datadoesnot show any correlationsand gives ex-
ponenta5 0.50~Fig. 9!Ðcon®rmingthat theobservedlong-
rangecorrelationis not dueto theheavy-taileddistributionof
the volatility.

2. Outliers removal

As an additional test, we study how the outliers ~big
events! of the time seriesug(t)uaffect the observedpower-
law correlation.We removedthe largest5 and10 % events
of the ug(t)useriesand applied the DFA methodto them,
respectively,the resultsareshownin Fig. 11. Removingthe
outliers doesnot changethe power-lawcorrelationsfor the
shorttime scale.However,that theoutliersdo haveaneffect
on thelong time scalecorrelations,thecrossovertime is also
affected.

3. Subregioncorrelation

Thelong rangecorrelationandthecrossoverbehaviorob-
servedfor the S&P 500 index are for the entire13-yearpe-

FIG. 10. ~a! The powerspectrumfor the absolutevaluesof the
normalizedprice changesfor individual companies,with the sam-
pling time interval Dt5 5 min. This is obtainedby averagingthe
powerspectrumSi( f ) for all the 500 companies.We contrastthis
with the power spectrumof the S&P 500 for the sametwo-year
period1994±1995.Similar to theS&P 500,we observetwo power
laws separatedby a crossoverfrequency.Powerlaw regression®ts
yield exponentsb 15 0.20 for the high frequencyregion and b 2

5 0.50 for the low frequencyregion. The crossoveroccursat ap-
proximately700 minÐslightly larger than that found for the S&P
500index.~b! TheaverageDFA resultsof 5 min sampledug(t)ufor
the single companies,averagedover all 500 companies.It is con-
trastedwith the resultof theS&P 500 index.Therearetwo regions
characterizedby power laws with exponentsa 15 0.60 for small
time lagsanda 25 0.74 for largetime lags.

FIG. 11. DFA resultsof removingtop 5% and10% datapoints
of the ug(t)ufor the S&P 500 data.The crossovertime is approxi-
mately600,1000,and10000min for thedataremovingthetop 5%
andthe top 10%, respectively.The DFA exponenta 1 for the short
time scaledoesnot change,the power law regression®t gives a 1

' 0.66for all threecurves.Regression®tsfor theexponenta 2 give
0.916 0.02, 0.916 0.03, and 1.026 0.04 for three cases,respec-
tively.
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riod. Next, we study whetherthe exponentscharacterizing
thepower-lawcorrelationarestable,i.e.,doesit still hold for
periodssmallerthan13 years.We choosea sliding window
~with size 1 yr! and calculateboth exponentsa 1 and a 2
within this window asthe window is draggeddown the data
setwith onemonthsteps.We ®nd@Fig. 12~b!# that thevalue
of a 1 is very ``stable'' ~independentof the position of the
window!, ¯uctuating slightly around the mean value 2/3.
However,the variationof a 2 is muchgreater,showingsud-
denjumpswhenvery volatile periodsenteror leavethe time
window. Note that the error in estimatinga 2 is also large.

VI. CONCLUSION

In this study,we ®ndthat theprobabilitydensityfunction
of the volatility for the S&P 500 index seemsto be well ®t
by a log normaldistributionin thecenterpart.However,the
tail of the distribution is better describedby a power law,
with exponent11 m' 4, well outsidethe stableLeÂvy range.
The power law distribution at the tail is con®rmedby the
study of the volatility distribution of individual companies,
for which we ®ndapproximatelythesameexponent.We also
®ndthat thedistributionof thevolatility scalesfor a rangeof
time intervals.

We usethe detrended̄uctuation analysisand the power
spectrumto quantifycorrelationsin thevolatility of theS&P
500 index and individual companystocks.We ®ndthat the
volatility is long-rangecorrelated.Both the powerspectrum
and the DFA methodsshow two regionscharacterizedby
different power law behaviorswith a crossoverat approxi-
mately1.5 days.Moreover,thecorrelationsshowpower-law
decay,often observedin numerousphenomenathat havea
self-similar or ``fractal'' origin @47±51#. The scalingprop-
erty of the volatility distribution, its power-lawasymptotic
behavior,and the long-rangevolatility correlationssuggest
thatvolatility correlationsmight beonepossibleexplanation
for the observedscalingbehavior@18#for the distributionof
price changes@37#.
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APPENDIX: METHODS TO CALCULATE
CORRELATIONS

1. Correlation function

The direct methodto studythe correlationpropertyis the
autocorrelationfunction

C~t ! [
^g~t0!g~t01 t !&2 ^g~t0!&2

^g2~t0!&2 ^g~t0!&2
, ~A1!

wheret is thetime lag.Potentialdif®cultiesof thecorrelation
function estimationare the following: ~i! The correlation
function assumesstationarityof the time series.This crite-
rion is not usuallysatis®edby real-worlddata.~ii ! The cor-
relation function is sensitive to the true average value
^g(t0)&of the time series,which is dif®cult to calculatere-
liably in many cases.Thus the correlation function can
sometimesprovideonly qualitativeestimation@39#.

2. Power spectrum

A secondwidely usedmethodfor calculatingcorrelation
properties is the power spectrumanalysis.Note that the
power spectrumanalysiscan only be applied to linear and
stationary~or strictly periodic! time series.

3. Detrended ¯uctuation analysis

Thethird methodwe useto quantify thecorrelationprop-
ertiesis calleddetrended̄uctuation analysis~DFA! @43,44#.
The DFA methodis basedon the ideathat a correlatedtime
seriescanbemappedto a self-similarprocessby integration
@39,43,44#. Therefore,measuringthe self-similarfeaturecan
indirectly tell usinformationaboutthecorrelationproperties.
The advantagesof DFA over conventionalmethods~e.g.,
spectralanalysisand Hurst analysis! are that it permits the
detectionof long-rangecorrelationsembeddedin a nonsta-
tionary time series,andalsoavoidsthespuriousdetectionof
apparentlong-rangecorrelationsthat are an artifact of non-
stationarities.This method has been validated on control
time seriesthat consistof long-rangecorrelationswith the
superpositionof a nonstationaryexternal trend @43#. The
DFA methodhas also beensuccessfullyapplied to detect
long-rangecorrelationsin highly complex heart beat time
series@44,45#, andotherphysiologicalsignals@46#.

A descriptionof theDFA algorithmin thecontextof heart
beatanalysisappearselsewhere@43,44#. For our problem,we
®rstintegrateug(i )utime serieswith N total datapoints

y~t8! [ (
i 5 1

t8
ug~i !u. ~A2!

Figure 13~b! shows y(t8) after subtractingthe ``global''
trend,computedby performinga linear®t in theentirerange
of y(t8). Figures13~b!,13~c! showthe integratedtime series

FIG. 12. ~a! TheS&P 500indexZ(t) for the13-yearperiod.~b!
Resultsof dragginga window of size1 yr downthesamedatabase,
one month at a time, and calculating the best ®t exponenta 1

~dashedline! and a 2 ~full line! for the time intervalst, t3 and t
. t3 , respectively,wheret3 5 600 min.
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y(t8) divided into boxesof equal length t. In eachbox, a
least squares®t to the data is performed,representingthe
trend in that box. The y coordinateof the straightline seg-
mentsis denotedby yt(t8). Next we detrendthe integrated
time series,y(t8), by subtractingthe local trend, yt(t8), in
eachbox.Theroot-mean-squarēuctuation of this integrated
anddetrendedtime seriesis calculated

F~t !5 A1

N (
t85 1

N

@y~t8!2 yt~t8! #2. ~A3!

This computationis repeatedover all time scales~box
sizes! to provide a relationshipbetweenF(t), the average
¯uctuation, and the box size t. In our case,the box size t
rangedfrom 10 min to 105 min ~the upper bound of t is
determinedby the actualdata length!. Typically, F(t) will
increasewith box sizet @Fig. 13~d!#. A linear relationshipon
a doublelog graphindicatesthepresenceof powerlaw scal-
ing. Under suchconditions,the ¯uctuations can be charac-
terizedby a scalingexponenta , theslopeof the line relating
logF(t) to logt @Fig. 13~d!#.

In summary, we have the following relationshipsbe-
tween,abovethreemethods.

~i! For white noise,wherethevalueat oneinstantis com-
pletely uncorrelatedwith any previousvalues,the integrated
value, y(t8), correspondsto a randomwalk and therefore
a5 0.5, asexpectedfrom the centrallimit theorem@47±49#.
The autocorrelationfunction C(t) is 0 for any t ~time-lag!
not equalto 0. The powerspectrumis ¯at in this case.

~ii ! Many naturalphenomenaare characterizedby short-
term correlationswith a characteristictime scalet and an
autocorrelationfunctionC(t) thatdecaysexponentially@i.e.,
C(t); exp(2 t/t )#. Theinitial slopeof logF(t) vs logt maybe
different from 0.5, nonethelessthe asymptoticbehaviorfor
largewindow sizest with a5 0.5 would be unchangedfrom
thepurelyrandomcase.Thepowerspectrumin this casewill
showa crossoverfrom 1/f 2 at high frequenciesto a constant
value~white! at low frequencies.

~iii ! An a greaterthan 0.5 and lessthan or equalto 1.0
indicatespersistentlong-rangepower-law correlations,i.e.,
C(t); t2 g. The relationbetweena andg is

g5 22 2a . ~A4!

FIG. 13. ~a! Time seriesof absoluteprice changesug(i )usampledat 1-min intervals.Parts~b! and~c! showthe integratedtime series
y(t8) aftersubtractingits ``global'' trend.Theglobaltrendis computedby performinga linear®tin theentirerangeof y(t8). Thetime series
y(t8) divided into boxesof equallengtht. In eachbox, a leastsquareslinear®t is madeto thedata,representingthe local trend in thatbox.
Next we detrendtheintegratedtime seriesy(t8) by subtractingthelocal trendyt(t8) in eachbox.~d! Theroot-mean-squarēuctuation F(t)
asa function of variousbox sizest, de®nedin Eq. ~A3!.
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Notealsothat thepowerspectrumS( f ) of theoriginal signal
is also of a power-law form, i.e., S( f ); 1/f b . Becausethe
power spectrumdensity is simply the Fourier transformof
the autocorrelationfunction b5 12 g5 2a2 1. The caseof
a5 1 is a specialone which has long interestedphysicists
andbiologistsÐit correspondsto 1/f noise(b5 1).

~iv! When 0, a , 0.5, power-law anticorrelations are
presentsuchthat largevaluesaremorelikely to be followed
by small valuesandvice versa@39#.

~v! When a . 1, correlationsexist but ceaseto be of a
power-lawform.

Thea exponentcanalsobeviewedasan indicatorof the
``roughness''of the original time series:the largerthe value
of a , the smootherthe time series.In this context,1/f noise
canbe interpretedasa compromiseor ``trade-off'' between
the complete unpredictability of white noise ~very rough
``landscape''! and the much smootherlandscapeof Brown-
ian noise@52#.
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