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We study the statisticalpropertiesof volatility, measuredy locally averagingover a time window T, the
absolutevalue of price changesver a shorttime interval Dt. We analyzethe S&P 500 stock index for the
13-yearperiodJan.1984to Dec. 1996.We ®ndthat the cumulativedistribution of the volatility is consistent
with a power-lawasymptoticbehavior,characterizedy an exponentni 3, similar to whatis found for the
distributionof price changesThe volatility distributionretainsthe samefunctionalform for a rangeof values
of T. Further,we studythe volatility correlationsby usingthe powerspectrumanalysis.Both methodssupport
a powerlaw decayof the correlationfunction andgive consistenestimateof the relevantscalingexponents.
Also, both methodsshowthe presencef a crossovemt approximatelyl.5 days.In addition,we extendthese
resultsto the volatility of individual companiedy analyzinga databasecomprisingall tradesfor the largest
500 U.S. companiesver the two-yearperiod Jan.1994to Dec. 1995. @1063-651X99/04808-4¢

PACSnumbers!: 89.901 n

I. INTRODUCTION

1Physicistsare increasinglyinterestedin economictime
seriesanalysisfor severalreasonsamongwhich arethe fol-
lowing. ! Economictime series suchas stockmarketindi-
cesor currencyexchangeates,dependon the evolutionof a
largenumberof interactingsystemsandsois an exampleof
complexevolving systemswidely studiedin physicsi! The
recentavailability of large amountsof dataallows the study
of economictime serieswith a high accuracyon a wide
rangeof time scalesvaryingfrom' 1 minupto' 1 yr.
Consequentlya large numberof methodsdevelopedn sta-
tistical physics have beenappliedto characterizethe time
evolutionof stock pricesandforeign exchangeates@+ 19#

Previousstudies@z 33# show that the stochastigprocess
underlyingprice changess characterizetby severafeatures.
The distribution of price changeshas pronouncedtails
@+714+2#in contrastto a Gaussiardistribution. The au-
tocorrelationfunction of price changesiecaysexponentially
with a characteristidcime of approximately4d min. However,
recent studies @0+ 31# show that the amplitude of price
changes,measuredby the absolutevalue or the square,
showspowerlaw correlationswith long-rangepersistenceip
to severalmonths.Theselong-rangedependencieare better
modeledby de®ninga ““subsidiaryprocess" @0+ 2# often
referredto asthe volatility in economicliterature.The vola-
tility of stock price changeds a measureof how muchthe
marketis liable to "uctuate. The ®rststepis to constructan
estimatoffor thevolatility. Here,we estimatethe volatility as
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the local averageof the absoluteprice changes.

Understandingthe statistical propertiesof the volatility
also hasimportantpracticalimplications.Volatility is of in-
terestto tradersbecauset quanti®eshe risk @# andis the
keyinputof virtually all option pricing models,includingthe
classic Black and Scholesmodel and the Cox, Ross,and
Rubinsteinbinomial modelsthat are basedon estimatesof
the asset'svolatility over the remaininglife of the option
@4,35¢ Without an ef®cientvolatility estimate,jt would be
dif®cult for tradersto identify situationsin which options
appeatrto be underpricedor overpriced.

We focus on two basic statistical properties of the
volatilitybthe probability distributionfunction andthe two-
point autocorrelatiorfunction. The paperis organizedasfol-
lows. In Sec.ll, we brie'y describehe databaseasedin this
study, the S&P 500 stock index, and individual company
stock prices. In Sec. lll, we discussthe quanti®cationof
volatility. In Sec.lV, the probability distributionfunction is
studied,andin Sec.V, thevolatility correlationsarestudied.
The appendixbrie'y describes recently-developethethod,
called detrended uctuation analysis-DFA! that we useto
quantify power-lawcorrelations.

II. DATA ANALYZED
A. S&P 500 stock index

The S&P 500index from the New York Stock Exchange
-NYSE! consistsof 500 companieschosenfor their market
size, liquidity, andindustry grouprepresentatiotn the U.S.
It is a market-valueweighted index, i.e., each stock is
weighted proportional to its stock price times number of
sharesoutstanding.The S&P 500 index, is one of the most
widely used benchmarksof U.S. equity performance We
analyzethe S&P 500 historical data,for the 13-yearperiod
Jan. 1984 to Dec. 1996 @ig. 1-al# with a recording fre-
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FIG. 1. & Data analyzed:The S&P 500 index Z(t) for the
13-yearperiod 3 Jan. 1984+31 Dec. 1996 at sampling intervals
Dt5 1 min. Thesedataincludethe datasetanalyzedoy Mantegna
and Stanley @8# and the extensionof sevenextrayears.Note the
large uctuations,suchasthaton 19 Oct. 1987 ~"black Monday"!.
The index Z(t) hasan increasingtrend exceptfor somecrashes,
such as the crashesin Oct. 1987 and May 1990. For the period
studiedthe index canapparentlybe ®tby a straightline on a semi-
log graph, i.e., exponentialgrowth with annualincreaserate of
' 15%. -b! Amplitude of "uctuationsuG(t) u-seetext for de®nitioth
with Dt5 1 min.

guencyof 15 s intervals.The total numberof datapointsin
this 13-yearperiod exceed4.5 million, andallows for a de-
tailed statisticalanalysis.

B. Individual company stocks

We also analyzethe tradesand quotes~TAQ! database
which documentsevery tradefor all the securitieslisted in
the three major U.S. stock marketsbthe New York Stock
ExchangeNYSE!, the AmericanStock ExchangeAMEX!!,
and the National Associationof SecuritiesDealers Auto-
matedQuotation-NASDAQ!Dfor thetwo-yearperiodfrom
Jan.1994to Dec. 1995 @6# We study the marketcapitali-
zations@7#for the 500 largestcompaniesrankedaccording
to the marketcapitalizationon Jan.1, 1994. The S&P 500
index at anytimeis approximatelythe sum of marketcapi-
talizationsof these500 companies®8# The total numberof
datapointsanalyzedexceed20 million.

Ill. QUANTIFYING VOLATILITY

The term volatility represents generic measureof the
magnitude of market "uctuations. Thus, many different
guantitativede®nitionsof volatility are usein the literature.
In this study,we focuson oneof thesemeasuredy estimat-
ing the volatility as the local averageof absolute price
changesver a suitabletime interval T, which is an adjust-
able parametenf our estimate.

Figure 1-al showsthe S&P 500index Z(t) from 1984to
1996in semi-logscale.We de®nehe price changeG(t) as
the changein the logarithmof the index

Z~1 Dt12 Z~+!

1
Z-t! A

G~![ InZ~+1 Dtl2 InZ~+!>
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FIG. 2. Volatility V¢(t) with T5 1 month~8190min! andsam-
pling timeintervalDt5 30 min of the S&P 500indexfor the entire
13-yearperiod 1984+1996. The highlighted block showspossible
“precursors"of the Oct. 1987 crash.

whereDt is the samplingtime interval. In the limit of small

changesn Z(t) is approximatelytherelativechangede®ned
by the secondequality. We only counttime during opening
hoursof the stockmarket,andremovethe nights,weekends,
and holidaysfrom the dataset,i.e., the closingandthe next

openingof the marketis consideredo be continuous.

The absolutevalueof G(t) describegshe amplitudeof the
“uctuation, asshownin Fig. 1-b!. In comparisorto Fig. 1-al,
Fig. 1-b! doesnot showvisible globaltrendsdueto the loga-
rithmic difference.The large valuesof uG(t)ucorrespondo
the crashesand big rallies.

We de®nethe volatility asthe averageof uG(t)uover a
time window T5 nDt, i.e.,

tin21

Vti[ - g G~8y 2!
tpht

wheren is an integer. The abovede®nitioncan be general-
ized @1# by replacing (G(t)u with G(t)f, where g. 1
gives more weight to the large valuesof W(t)uand0, g
, 1 weightsthe small valuesof uG(t)u

There are two parametersn this de®nitionof volatility,
Dt andn. The parameteDt is the samplingtime interval for
the dataandthe parameten is the moving averagewindow
size.Note that our de®nitionof the volatility hasanintrinsic
error associateavith it. In principle, the largerthe choiceof
time interval T, the more accuratethe volatility estimation.
However,a large value of T alsoimplies poor resolutionin
time.

Figure 2 showsthe calculatedvolatility VV;(t) for alarge
averagingwindow T5 8190 min ~aboutl montH with Dt
5 30 min. Thevolatility “uctuatesstronglyduring the crash
of 1987.We also notethat periodsof high volatility are not
sparsebut tend to ““cluster." This clusteringis especially
markedaroundthe 1987 crash.The oscillatory patternsbe-
fore the crashcould be possibleprecursorspossiblyrelated
to the oscillatory patternspostulatedin @1,12¢! Clustering
alsooccursin otherperiods,e.g.,in the secondhalf of 1990.
Therearealsoextendedperiodswherethe volatility remains
at aratherlow level, e.g.,the yearsof 1985and 1993.

IV. VOLATILITY DISTRIBUTION
A. Volatility distribution of the S&P 500 index
1. Centerpart of the distribution

Figure 3-al showsthe probability densityfunction P(Vy)
of the volatility for severalvaluesof T with Dt5 30 min.
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FIG. 3. ~a Probabilitydistributionof the volatility on a log-log
scalewith differenttime windows T with Dt5 30 min. The center
part of the distribution showsa quadraticbehavioron the log-log
scale.The asymptoticbhehaviorseemsconsistentvith a powerlaw.
~b! Centerof the distribution: The volatility distributionfor differ-
ent window sizes T using the log-normal scaling form Aaexpa
1 n4)P(V+) as a function of @(Vy)2 a#Son, wherea and n are
the meanandthe width on a logarithmicscale.The scaleddistribu-
tions are shown for the region shown by the box in ~al. By the
scaling,all curvescollapseto the log-normalform with a5 0 and
n5 1, exp@ (In x)%#~solid line!.

The central part showsa quadraticbehavioron a log-log
scale @ig. 3-al# consistentwith a log-normal distribution
@0# To testthis possibility, the appropriatelyscaleddistri-
bution of the volatility is plottedon alog-log plot @ig. 3-b!#
The distributionsof volatility V;, for variouschoicesof T
~rom T5 120 min up to T5 900 min), collapseonto one
curveandarewell ®tin the centerby a quadraticfunctionon
alog-log scale.Sincethe centrallimit theoremholdsalsofor
correlatedseries @94 with a slower convergencehan for
noncorrelateghrocesse®, 15,28 in thelimit of largevalues
of T, oneexpectghat P(V;) becomegsaussianHowever,a
log-normal distribution ®tsthe databetterthan a Gaussian,
asis evidentin Fig. 4 which compareghe bestlog-normal®t
with the best Gaussian®t for the data @0# The apparent
scalingbehaviorof volatility distributioncould be attributed
to the long persistenceof its autocorrelationfunction @8#
~Sec.VLI.
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FIG. 4. Comparisorof the log-normaland Gaussiar®tsfor the
volatility distributionfor T5 300 min andDt5 30 min.

2. Tail of the distribution

Althoughthelog-normalseemgo describewell the center
part of the volatility distribution, Fig. 3-al suggestghat the
distribution of the volatility has quite different behaviorin
the tail. Sinceour time window T for estimatingvolatility is
quitelarge, it is dif®cultto obtainsigni®canstatisticsfor the
tail. Recentstudiesof the distributionfor price changese-
port power law asymptoticbehavior @4,20,3% Since the
volatility is thelocal averageof the absoluteprice changesit
is possiblethat a similar power law asymptotic behavior
might characterizethe distribution of the volatility. Hence
we reducethe time window T andfocuson the “tail* of the
volatility.

We computethe cumulativedistribution of the volatility,
Eq. 2! for differenttime scalesFig. 5-al. We ®ndthat the

0
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FIG. 5. ~a Thecumulativedistributionfunction of thevolatility,
scaled by the standard deviation, for time scales T
5 32,64,128 min with sampling time interval D5 1 min, using
nonoverlappingvindows for the S&P 500 stockindex. Regression
lines yield estimatesof the exponent nb 3.106 0.08 for T
532 min, nb6 3.1% 0.10 for T5 64 min, and 756 3.306 0.15
for T5 128 min. The ®tswere performedover the rangeof scaled
volatility greaterthan 1 standarddeviation.Choicesof D from 16
and 32 min were also studiedfor the samevaluesof T shown.
Resultsobtainedfor thesecasesand the valuesof m obtainedare
consistentwith the presentcase.
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cumulativedistribution of the volatility is consistentwith a
powerlaw asymptoticbhehavior

1
P~V:. x!; —. ~3!
X

Regression ®ts yield estimates 756 3.106 0.08 for T
5 32 min with Dt5 1 min, well outside the stable Lévy
range0, m, 2.

For largertime scalesthe asymptoticbehavioris dif®cult
to estimatebecauseof poor statisticsat the tails. In view of
the power law asymptoticbehaviorfor the volatility distri-
bution, the drop-off of P(Vy) for low valuesof the volatility
could be regardedasa truncationto the powerlaw behavior,
asopposedo alog-normal.

B. Volatility distribution for individual companies

In this section,we extendthe investigationof the nature
of this distribution to the individual companiescomprising
the S&P 500, where the amount of datais much larger,
which allows for bettersamplingof the tails.

From the TAQ data base,we analyze500 time series
Si(t), where S; is the market capitalizationof companyi
+.e., the stock price multiplied with the numberof outstand-
ing shares i5 1, ...,500is therankin descendingrderof
the companyaccordingto its marketcapitalizationon 1 Jan.
1994andthe samplingtime is 5 min. Thebasicquantitystud-
ied for individual stocksis the changein logarithm of the
marketcapitalizationfor eachcompany,

Si~t1 Dt!2 S~t!
Git![ InS§~1Dt!2 InS-~t!> —sa ~4!

where the S denotesthe market capitalizationof stock i
51,...,500andDt5 5 min.

As before,we estimatethe volatility at a given time by
averagingG;(t)uover a time window T5 nDt,

tin21
VA Vit g Gi~t8u 5!
tpht

A normalizedvolatility is thende®nedor eachcompany,
i
FTSVINR S
A #R V&
where ee¢ & denotesthe time averageestimatedby non-
overlappingwindowsfor different time scalesT.

Figure6-al showsthe cumulativeprobability distribution
of the normalizedvolatility v’ for all 500 companieswith
different averagingwindows T, wherethe samplinginterval
Dt5 5 min. We observea powerlaw behavior

i . ~
P X . 7!

Regression®ts yield 5 3.106 0.11 for T5 10 min. This
behavioris con®rmedby the probability density function
shownin Fig. 6!,
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FIG. 6. ~a The cumulativeprobability distributionon a log-log
scaleof the normalizedvolatility for all the 500 individual compa-
nies for various averagingwindow lengths,with a samplingtime
Dt5 5 min. Powerlaw regressior®tsyield n5 3.106 0.11for T
510 min, n5 3.16 0.15 for T5 20 min, nb6 3.28 0.17 for T
5 40 min,andmb 3.38 0.18for T5 80 min. These®tswereper-
formedin the regionof scaledvolatility betweenl and30 standard
deviations.~b! The probability density function of the normalized
volatility for single companiesRegressiorm®tsyield a slopeof 1
1 nb 4.06 0.10 for T5 10 min, 11 n54.1% 0.13 for T
520 min, 11 nb 4.22%6 0.15for T5 40 min, and 11 n5 4.38
6 0.16 for T5 80 min. The ®tswere performedin the region of
scaledvolatility betweenl and 50 standarddeviations.

Pl —it
VT

with a cutoff at small valuesof the volatility. Regressior®ts
yield the estimate11 5 4.065 0.10 for T5 10 min, in
goodagreementvith the estimateof m from the cumulative
distribution. Both the probability densityandthe cumulative
distribution, Figs. 7 and 8, showthat the volatility distribu-
tion for individual companiesare consistenwith power-law
asymptotic exponent n1 3, in agreement with the
asymptoticbehaviorof thevolatility distributionfor the S&P
500 index.

In summary,the asymptoticbehaviorof the cumulative
volatility distributionis well describedby a power law be-
havior with exponentni 3 for the S&P 500 index. This
powerlaw behavioralsoholdsfor individual companieswith
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FIG. 7. The 1-min interval intraday patternfor absoluteprice
changeof the S&P 500 stockindex ~1984-1996 ~shifted andfor
the absoluteprice changesaveragedor the chosen500 companies
~1994+1993. The length of the day is 390 minutes.In order to
avoid the detectionof spuriouscorrelations,this daily patternis
removed.Otherwiseone ®ndspeaksin the power spectrumat the
frequenciesof 1/day and larger. Note that both the curveshave a
similar patternwith large valueswithin the ®rst15 min after the
marketopens.

similar exponentr! 3 for thecumulativedistribution,with a
drop-off at low values.

V. CORRELATIONS IN THE VOLATILITY

A. Volatility correlations for S&P 500 stock index

Unlike price changesthat are correlatedonly on very
shorttime scales@0# a few minutes, the absolutevaluesof
price changesshow long-rangepower-law correlationson
time scalesup to a year or more @0+ 31# Previousworks
have shown that understandinghe power-law correlations,
speci®callythe valuesof the exponentscan be helpful for
guidingthe selectionof modelsandmechanism&@2# There-
fore, in this partwe focuson the quanti®catiorof power-law
correlationsof thevolatility. To quantifythe correlationswe
uselG(t)uinsteadof V{(t), i.e., time window T is setto 1
min with Dt5 1 min for the bestresolution.

1. Intraday pattern removal

It is known that there exist intraday patternsof market
activity in the NYSE andthe S&P 500 index @3+25,42¢ A
possibleexplanationis that information gathersduring the
time of closureandhencetradersareactivenearthe opening
hours,and many liquidity tradersare active nearthe closing
hours@5# We ®nda similar intradaypatternin the absolute
price changeaG(t)u~Fig. 7!. In orderto quantify the corre-
lations in absoluteprice changesijt is importantto remove
this trend, lest theremight be spuriouscorrelations.The in-
tradaypatternA(tg,,), wherety,, denoteshe time in a day,
is de®nedhsthe averageof the absoluteprice changeat time
tyay Of the day for all days:

N
g l,Gj"tday! u
i% 1
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FIG. 8. -al Semilogplot of the autocorrelatiorfunction of g(t).
~b! Autocorrelationfunction of wg(t)uin the doublelog plot, with
samplingtime interval Dt5 1 min. The autocorrelatiorfunction of
g(t) decays exponentially to zero within half an hour, C(t)
: exp@ t/t) with t' 4.0 min. A powerlaw correlationC(t); t?9
existsin the w(t)ufor more than three decadesNote that both
graphsaretruncatedat the ®rstzerovalueof C(t). Thesolid line in
! is the ®t to the function 1/(11 t9) from which we obtain g
5 0.306 0.08.The horizontaldashedine indicatesthe noiselevel.

where the index j runs over all the trading days N in the
13-yearperiod (N5 3309in our study andty,, denotesthe
time in the day. In orderto avoid the arti®cial correlation
causedy this daily oscillation,we removethe intradaypat-
ternfrom G(t) which we schematicallywrite as

g"tl [ G"tday! /Aﬁtday! s ~0!
for all days.Eachdatapoint g(t), denotesthe normalized
absoluteprice changeat time t, which is computedby divid-
ing eachpoint G(ty,y) at time ty,, of the day by A(ty,,) for
all days.

Three methodsbcorrelationfunction, power spectrum,
anddetrendeductuation analysis-DFA!D areemployedto
quantify the correlationof the volatility. The prosand cons
of eachmethodandthe relationshetweerthemaredescribed
in the Appendix.

2. Correlation quanti®cation

Figure8-al showsthe autocorrelatiorfunction of the nor-
malizedprice changegy(t), which showsexponentialdecay
with a characteristicime of the orderof 4 min. However,we
®ndthatthe autocorrelatiorfunction of Lg(t) uhaspowerlaw
decay,with long persistenceip to severalmonths,Fig. 8-b!.
This resultis consistentvith previousstudieson severaleco-
nomic time series@0+28,4G¢

More accurataesultsareobtainedby the powerspectrum
@®@ig. 9-a# which showsthat the data®t not one but rather
two separatgpowerlaws: for f. f5 , S(f); 21, while for
f, f3, S(f); 2?2, where

b,50.316 0.02, f. fg, 41
b,5 0.906 0.04, f, fs, 42!
and
1
f35 — min?l, ~43

570
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FIG. 9. Plot of ~a the power spectrumS(f) and -b! the de-
trended uctuation analysis-(t) of theabsolutevaluesof detrended
incrementsg(t) with the samplingtime interval Dt5 1 min. The
lines showthe bestpowerlaw ®ts(R valuesare betterthan 0.99)
aboveandbelowthe crossovefrequencyof f3 5 (1/570) min? L in
~al and of the crossovertime, t3 5 600 min in ~b!. The triangles
show the power spectrumand DFA results for the ““control,”
shuf ed data-seetext for detaild.

wheref, is the crossoverfrequency.

The DFA method con®rmsour power spectrumresults
@®ig. 9-al# From the behaviorof the power spectrum,we
expectthat the DFA methodwill also predict two distinct
regions of power law behavior, F(t); t?1 for t, t; with
exponenta;5 0.66andF(t); t?2 for t. t; with a,5 0.95,
where the constanttime scalet;[ 1/f; , where we have
usedthe relation @94

a5 ~11 b!/2. ~14!

Figure 9-b! showsthe resultsof the DFA analysis.We ob-
servetwo powerlaw regions,characterizedy exponents

315 06% 001, t, t3 y ’*‘15I

a,50.9% 0.02, t. t3 ~6l
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in goodagreementvith the estimateof the exponentfrom
the powerspectrumThe crossovetime is closeto the result
obtainedfrom the power spectrumywith

ty' 1/f3' 600 min 47!

or approximatelyl.5 trading days.

B. Volatility correlations for individual companies

The observedcorrelationsin the price changesand the
absoluteprice changesfor the S&P 500 index raisesthe
questionif similar correlationsare presentfor individual
companiesvhich comprisethe S&P 500 index @84

In the absoluteprice change®f theindividual companies,
thereis also a strongly markedintraday pattern,similar to
that of the S&P 500index. We computethe intradaypattern
for single companiesn the samesenseas before,

N
Q el T
51

i
Ai'"tday![ N ] ~18
where time tg,, refersto the time in the day, the index i
denotescompaniesandthe indexj runsover all daysb504
days.In Fig. 7 we showthe intradaypattern,averagedver
all the 500 companiesand contrastit with that of the S&P
500 stockindex.

In orderto avoid the intra-day patternin our quanti®ca-
tion of the correlationswe de®nea normalizedprice change
for eachcompany,

g|~t| [ Gi"tday!/Aiﬁ'tday! . ~9

The average autocorrelation function of g;(t), i
51,2, ...,500,showsweakcorrelationsup to 10 min, after
which thereis no statisticallysigni®cantorrelation.The av-
erageautocorrelatiorfunction for the absoluteprice changes
showslong persistenceWe quantify the long-rangecorrela-
tions by two methodsbpowerspectrumand DFA. In Fig.
10-al, we show the power spectraldensity for the absolute
price changedor individual companiesand contrastit with
the S&P 500 index for the sametwo-year period. We also
observea similar crossovelphenomenasthat observedor
the S&P 500 index. The exponentsof the two observed
powerlaws are

b.50.206 0.02, f. fs3, ~20!
b,5 0.5 0.05, f, fj, 21
wherethe crossoveffrequencyis
— min2! 22
f35 700 min< =, 22!

In Fig. 10-b!, we con®rmthe power spectrumresultsby
the DFA method.We observetwo powerlaw regimeswith
23

a,50.606 0.01, t, ts,

a,50.746 0.03, t. ts 24
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FIG. 10. ~a The powerspectrumfor the absolutevaluesof the
normalizedprice changedor individual companieswith the sam-
pling time interval Dt5 5 min. This is obtainedby averagingthe
power spectrumS;(f) for all the 500 companiesWe contrastthis
with the power spectrumof the S&P 500 for the sametwo-year
period1994+1995. Similar to the S&P 500, we observetwo power
laws separatedby a crossoverfrequency.Powerlaw regressior®ts
yield exponentsb,5 0.20 for the high frequencyregion and b,
5 0.50 for the low frequencyregion. The crossoveroccursat ap-
proximately 700 minBslightly largerthan that found for the S&P
500index.-h! TheaverageDFA resultsof 5 min sampledg(t) ufor
the single companiesaveragedver all 500 companieslt is con-
trastedwith the resultof the S&P 500index. Therearetwo regions
characterizedoy power laws with exponentsa;5 0.60 for small
time lagsand a,5 0.74 for largetime lags.

with a crossover

ty' 1/f5' 700 min. 25!

The exponentsharacterizinghe correlationsn the abso-
lute price changedor individual companiesare on average
smaller than what is observedfor the S&P 500 price
changes.This might be due to the cross-dependencidse-
tween price changesof different companiesA systematic
study of the cross-correlationand dependenciewill be the
subjectof future work @1#
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FIG. 11. DFA resultsof removingtop 5% and 10% datapoints
of the g(t)ufor the S&P 500 data.The crossovetime is approxi-
mately600,1000,and10000 min for the dataremovingthetop 5%
andthetop 10%, respectively.The DFA exponenta, for the short
time scaledoesnot change the power law regression®t gives a,;

' 0.66for all threecurves.Regressio®tsfor the exponenta, give
0.916 0.02, 0.916 0.03, and 1.0%6 0.04 for three cases,respec-
tively.

C. Additional remarks on power-law volatility correlations

Eventhoughseveraldifferent methodsgive consistente-
sults,the power-lawcorrelationof the volatility needsto be
tested.lt is known that the power-law correlationcould be
causedby someartifacts, e.g., anomaly of the dataor the
peculiarshapeof the distribution, etc.

1. Data shufing

Sincewe ®ndthe volatility to be power-lawdistributedat
the tail, to testthat the power-lawcorrelationis not a spuri-
ous artifact of the long-tailed probability distribution, we
shuf ed eachpoint of the wg(t)urandomlyfor the S&P 500
data.The shuf ing operationkeepsthe distributionof wg(t)u
unchangedhut destroysthe correlationsin the time series
totally if thereareany. DFA measurementf this randomly
shuf ed datadoesnot show any correlationsand gives ex-
ponenta5 0.50-Fig. 9'Bcon®rmingthatthe observedong-
rangecorrelationis not dueto the heavy-taileddistributionof
the volatility.

2. Outliers removal

As an additional test, we study how the outliers ~big
events$ of the time serieswy(t)uaffect the observedpower-
law correlation.We removedthe largest5 and 10 % events
of the w(t)useriesand appliedthe DFA methodto them,
respectivelythe resultsare shownin Fig. 11. Removingthe
outliers doesnot changethe power-law correlationsfor the
shorttime scale.However thatthe outliersdo havean effect
onthelong time scalecorrelationsthe crossovetime is also
affected.

3. Subregioncorrelation

Thelong rangecorrelationandthe crossoveibehaviorob-
servedfor the S&P 500 index arefor the entire 13-yearpe-
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FIG. 12. -a The S&P 500indexZ(t) for the 13-yearperiod.-b!
Resultsof dragginga window of size1 yr downthe samedatabase,
one month at a time, and calculating the best ®t exponenta;
~dashedine! and a, ~full line! for the time intervalst, t; andt
. t3, respectivelywheret; 5 600 min.

riod. Next, we study whetherthe exponentscharacterizing
the power-lawcorrelationarestable,i.e., doesit still hold for

periodssmallerthan 13 years.We choosea sliding window

~with size 1 yr! and calculateboth exponentsa; and a,

within this window asthe window is draggeddown the data
setwith onemonthsteps We ®nd@®ig. 12-b'#thatthe value
of a; is very ““stable" +ndependenbf the position of the

window!, "uctuating slightly around the mean value 2/3.

However,the variationof a, is muchgreater,showingsud-
denjumpswhenvery volatile periodsenteror leavethetime

window. Note that the error in estimatinga, is alsolarge.

VI. CONCLUSION

In this study,we ®ndthatthe probability densityfunction
of the volatility for the S&P 500 index seemgo be well ®t
by a log normaldistributionin the centerpart. However,the
tail of the distribution is better describedby a power law,
with exponentll n1 4, well outsidethe stableLévy range.
The power law distribution at the tail is con®rmedby the
study of the volatility distribution of individual companies,
for which we ®ndapproximatelythe sameexponentWe also
®ndthatthe distributionof the volatility scalesfor arangeof
time intervals.

We usethe detrended uctuation analysisand the power
spectrunto quantify correlationsn the volatility of the S&P
500 index andindividual companystocks.We ®ndthat the
volatility is long-rangecorrelated Both the power spectrum
and the DFA methodsshow two regions characterizedoy
different power law behaviorswith a crossoverat approxi-
mately 1.5 days.Moreover,the correlationsshowpower-law
decay,often observedin numerousphenomenahat havea
self-similar or ““fractal" origin @7+51# The scaling prop-
erty of the volatility distribution, its power-law asymptotic
behavior,and the long-rangevolatility correlationssuggest
thatvolatility correlationsmight be one possibleexplanation
for the observedscalingbehavior@8#for the distribution of
price changes@7#
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APPENDIX: METHODS TO CALCULATE
CORRELATIONS

1. Correlation function
The directmethodto studythe correlationpropertyis the
autocorrelatiorfunction
Ng~to!gtol 1182 gty &
Ng2~to! &2 Ng~to! &

C![ Al

wheret is thetime lag. Potentialdif®cultiesof the correlation
function estimationare the following: ~! The correlation
function assumesstationarityof the time series.This crite-
rion is not usually satis®edy real-world data.~i! The cor-
relation function is sensitive to the true average value
g(tg) &of the time series,which is dif®cult to calculatere-
liably in many cases.Thus the correlation function can
sometimegrovide only qualitative estimation@9%

2. Power spectrum

A secondwidely usedmethodfor calculatingcorrelation
propertiesis the power spectrumanalysis. Note that the
power spectrumanalysiscan only be appliedto linear and
stationary-or strictly periodid time series.

3. Detrended "uctuation analysis

The third methodwe useto quantify the correlationprop-
ertiesis calleddetrendeductuation analysis-DFA! @3,44%
The DFA methodis basedon the ideathata correlatedtime
seriescanbe mappedo a self-similarprocesdyy integration
@9,43,44t Therefore measuringhe self-similarfeaturecan
indirectly tell usinformationaboutthe correlationproperties.
The advantagesf DFA over conventionalmethods-e.g.,
spectralanalysisand Hurst analysi$ are that it permitsthe
detectionof long-rangecorrelationsembeddedn a nonsta-
tionary time series,andalsoavoidsthe spuriousdetectionof
apparentong-rangecorrelationsthat are an artifact of non-
stationarities.This method has been validated on control
time seriesthat consistof long-rangecorrelationswith the
superpositionof a nonstationaryexternal trend @3# The
DFA method has also been successfullyapplied to detect
long-rangecorrelationsin highly complex heart beat time
series@4,45+ and other physiologicalsighals @64

A descriptionof the DFA algorithmin the contextof heart
beatanalysisappear®lsewhere@3,44¢ For our problem,we
®rstintegraterg(i)utime serieswith N total datapoints

t8

y~8[ g w~lu -A2!
i51

Figure 13b! showsy(t8 after subtractingthe “global"
trend,computedby performinga linear®tin the entirerange
of y(t8. Figures13h!,13<! showthe integratedime series
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FIG. 13. ~a Time seriesof absoluteprice changeag(i)usampledat 1-min intervals.Parts-b! and ¢! showthe integratedtime series
y(t8 aftersubtractingts ““global" trend.Theglobaltrendis computedby performingalinear®tin theentirerangeof y(t8. Thetime series
y(t8 dividedinto boxesof equallengtht. In eachbox, a leastsquaredinear ®tis madeto the data,representinghelocal trendin thatbox.
Next we detrendthe integratedime seriesy(t8 by subtractinghelocal trendy,(t8) in eachbox. 6! Theroot-mean-squaraictuation F(t)

asa function of variousbox sizest, de®nedn Eq. -A3!.

y(t8 divided into boxesof equallengtht. In eachbox, a

least squares®t to the datais performed,representinghe
trend in that box. The y coordinateof the straightline seg-
mentsis denotedby y,(t8. Next we detrendthe integrated
time series,y(t8), by subtractingthe local trend, y;(t8), in

eachbox. Theroot-mean-squaraictuation of this integrated
and detrendedime seriesis calculated

-A3!

N
F~t15 /% & @182 y~8#.
t& 1

This computationis repeatedover all time scales-box
sized to provide a relationshipbetweenF(t), the average
“uctuation, and the box size t. In our case,the box sizet
rangedfrom 10 min to 10° min ~the upperboundof t is
determinedby the actualdatalengti. Typically, F(t) will
increasawith box sizet @ig. 13-d!i# A linearrelationshipon
adoublelog graphindicatesthe presencef powerlaw scal-
ing. Under such conditions,the "uctuations can be charac-
terizedby a scalingexponenta, the slopeof theline relating
logF(t) to logt @ig. 13-d'#

In summary, we have the following relationshipsbe-
tween,abovethreemethods.

~+! For white noise,wherethe valueat oneinstantis com-
pletely uncorrelatedvith any previousvalues,the integrated
value, y(t8, correspondgo a randomwalk and therefore
a5 0.5, asexpectedrom the centrallimit theorem@7 + 94
The autocorrelatiorfunction C(t) is O for any t time-lag
not equalto 0. The powerspectrumis "at in this case.

~i! Many naturalphenomenaare characterizedy short-
term correlationswith a characteristictime scalet and an
autocorrelatiorfunction C(t) thatdecaysexponentially@e.,
C(t); exp@ t/t)# Theinitial slopeof logF(t) vs logt maybe
different from 0.5, nonethelesshe asymptoticbehaviorfor
largewindow sizest with a5 0.5 would be unchangedrom
the purelyrandomcase.The powerspectrumin this casewill
showa crossoverfrom 1/f2 at high frequenciedo a constant
value ~white! at low frequencies.

~ii! An a greaterthan 0.5 and lessthan or equalto 1.0
indicatespersistentiong-rangepower-law correlations,i.e.,
C(t); t29. Therelationbetweena andg is

g5 22 2a. A4l
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Note alsothatthe powerspectrumS(f) of the original signal
is also of a power-lawform, i.e., S(f); 1/f’. Becausethe
power spectrumdensity is simply the Fourier transform of
the autocorrelatiorfunction 65 12 g5 2a2 1. The caseof
a5 1 is a specialone which haslong interestedphysicists
andbiologistsbit correspondso 1/f noise(b5 1).

4v! When 0, a, 0.5, power-law anticorrelations are
presentsuchthatlargevaluesare morelikely to be followed
by small valuesandvice versa@9#
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~v! When a. 1, correlationsexist but ceaseto be of a
power-lawform.

The a exponenttanalsobe viewedasanindicatorof the
““roughness"of the original time series:the largerthe value
of a, the smootherthe time series.In this context,1/f noise
canbe interpretedasa compromiseor "trade-off" between
the complete unpredictability of white noise ~wery rough
“landscape® andthe much smootherdandscapeof Brown-
ian noise @24
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