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A master equation approach to the kinetics of co-operative ligand binding
reactions in proteins is developed. As a specific example, equations based on the
Perutz description are applied to several reactions of hemoglobin, both in the
absence and in the presence of organic phosphates.

The observed time dependence of O, binding to stripped hemoglobin is fitted
with a total of four parameters, of whieh two are held fixed at values determined
from the experimentally measured rate constants for the last step of ligand
binding. An analysis of Gibson’s data (1970a) for oxygen-binding kinetics
of unstripped hemoglobin shows that phosphate binding not only stabilizes the
deoxy quaternary conformation of hemoglobin but also increases both the
strength of the quaternary conformational constraints and the kinetic time
scaling parameter for the deoxy quaternary conformation.

A single set of five parameters is used to fit the deoxygenation data of Salhany
et al. (1970) in the presence of varying concentrations of P,Glyc§. The five para-
meters are determined by fitting the theory to the data in the absence of P,Glye
and at a single concentration of P,Glyc. The predictive ability of the model is
then tested by using these same parameter values to calculate the curves for
intermediate P,Glyc concentrations, and then comparing the predicted curves
with experimental data. Whereas deoxygenation data in the presence of P,Glye
can be fitted with the subunits considered as equivalent, we find that «, g subunit
inequivalence is particularly important in interpreting deoxygenation data in the
presence of the inhibitor, THP. Since the phosphate dependence of the reaction is
explicitly included, the model can also describe biphasic deoxygenation, ascbserved
by Gray & Gibson {1971) for the deoxygenation reaction in the presence of IHP.

In the deoxygenation reaction, the quaternary conformation is found to
change from oxy to deoxy just prior to the release of the second oxygen molecule;
the switch oceurs somewhat earlier in the presence of organic phosphates. As a
consequence of this switch, the release of oxygen lags behind the binding of
organic phosphates; the lag is more pronounced for IHP than for P,Glyc. The
analogous result of MacQuarrie & Gibson (1972) concerning the lag between the
release of HPT and binding of CO is well reproduced; the fractional saturation

+ A preliminary account of portions of this work has appeared in Bansil et al. (1974).

I Present address: Biophysical Laboratory, Harvard Medical School, Boston, Mass. 02115,
C.8.A.

§ Abbreviations used: P,Glye, 2,3-diphosphoglycerate; IHP, inositol hexaphosphate; HPT,
8-hydroxy-1,3,6-pyrenetrisulfonate; Hb, hemoglobin.
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of hemoglobin with CO and the fraction of HPT released are both fitted with a
single set of five parameters.

The dependence of the Adair (1925a,b) rate constants (for «=p8) and Olson-
Gibson (1972) rate constants (for «7=8) on the concentration of organic phosphate
is calculated. It is found that (i) the experimentally observed increase in the
overall deoxygenation rate with increasing organic phosphate concentration is
primarily due to the increase in the rate of dissociation of the second oxygen
molecule, (ii) the “on’ rate constants most affected by organic phosphate are
k; and k,, the rate constants for the binding of the first and second oxygen
molecules, (iii) the ‘“‘off”’ rate constants, k;, are affected more than the “on’ rate
constants, kj, (iv) the rate constants for the reactions of the B subunits are
affected more by IHP than those of the « subunits, and (v) the rate constants
involving the intermediate species with two B subunits and one « subunit
liganded are influenced the most by the binding of phosphates.

1. Introduction

The kinetics of co-operative ligand binding reactions in an oligomeric protein are
sufficiently complex that an elaborate reaction scheme is required to analyze kinetic
data. In the particular case of hemoglobin, most kinetic data have been analyzed
using the Gibson-Roughton (1957) extension of the Adair formulation (Adair, 1925a,b).
In this mass-action scheme, oxygenation takes place in four steps, each corresponding
to the oxygenation of one heme group. Co-operativity is reflected in the variation of
the rate constants at each step. Mass-action schemes do not provide any insight into
the physical origin of co-operativity. Moreover, such schemes get prohibitively com-
plex when one allows for inequivalent subunits (Olson & Gibson, 1972), different
quaternary conformations of the molecule, and variations in the concentration of
effectors.

In contrast to the Adair mass-action scheme, various molecular models have been
developed in which co-operativity is attributed to specific intramolecular interactions.
Basically, two different types of allosteric mechanisms have been used to account for
the co-operativity. The first, due to Monod et al. (1965), considers the protein to exist
in two or more stable quaternary conformations which differ in their affinity for
ligand (preferential binding). According to this model, in any quaternary conformation
all the subunits are symmetrically arranged and subject to the same constraints—i.e.
the conformational change is concerted. Because of this symmetry requirement, it
follows that partial ligand binding can stabilize only that quaternary conformation
which favors further ligand binding; therefore the Monod-Wyman-Changeux model
cannot account for negative homotropic interactions. Hopfield et al. (1971) have
extended the Monod-Wyman-Changeux equilibrium model to the kinetics of hemo-
globin reactions. Their analysis can explain the results of both stopped-flow experi-
ments (Gibson, 1970a) and flash photolysis experiments (Gibson, 1956,1959¢; Antonini
et al., 1967) at fixed effector concentrations. In particular, the existence of different
quaternary conformations which react with ligand at different rates offers a direct
explanation for the rapidly-reacting species seen in some flash photolysis experiments.
However, their model does not provide a detailed quantitative analysis of the hetero-
tropic co-operativity between oxygenation and organic phosphate binding.

In contrast to the Monod-Wyman—Changeux mechanism, Koshland ef al. (1966)
consider an allosteric mechanism in which ligand binding of a subunit induces in it a
tertiary conformational change (induced-fit binding). This induced tertiary con-
formational change in a subunit alters the probability of a neighboring subunit
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being in a given tertiary conformation, and thereby affects the ligand binding affinity
of the neighboring subunit. This model can account for both positive and negative
homotropic interactions, depending on whether a pair of neighboring subunits is more
stable in similar tertiary conformations (positive homotropic interactions) or in dis-
similar tertiary conformations (negative homotropic interactions). The mechanism of
Koshland et al. has been used by Bush & Thompson (1971a,b) to analyze the kinetics
of hemoglobin oxygenation in the absence of effectors and by Chay & Brillhart (1974
a,b) to analyze the oxygenation kinetics of stripped and unstripped hemoglobin.

In recent years considerable experimental evidence has accumulated to suggest
that in the case of hemoglobin, aspects of both allosteric mechanisms play an import-
ant role. This evidence comes from nuclear magnetic resonance (Shulman et al.,
1969,1970), electron spin resonance (Ogawa ef al., 1968), sulfhydryl reactivity studies
(Antonini & Brunori, 1969), and X-ray crystal structure determinations (Perutz,
1970a,b). Based on these findings, Perutz suggested that the binding of O, to the
individual subunits of hemoglobin is of the induced-fit type (Koshland-Némethy--
Filmer mechanism). This induced-fit binding, however, does not lead directly to
alterations in the tertiary equilibrium of the neighboring subunits. Rather, the
change in tertiary conformation, induced by O, binding to a subunit, is coupled to the
quaternary conformational equilibrium (Monod-Wyman-Changeux mechanism). Thus
the co-operative interaction is provided by conformational constraints coupling the
quaternary and tertiary equilibria. This qualitative description of Perutz (1970a.b)
was developed into quantitative models by Szabo & Karplus (1972) and by Herzfeld &
Stanley (1974).

Our purpose here is to provide a quantitative approach to the kinetics of hemoglobin
oxygenation in the presence of effectors using the Perutz description. For the sake of
generality (i.e. to allow future application to more complicated systems), we have
developed our model so as to include different types of homotropic and heterotropic
interactions, and the possibility of inequivalent subunits. The descriptions of Monod
et al., Koshland et al. and Perutz each correspond to a special case of this general
formulation. This approach to kinetics is similar to that used in previous work on
equilibrium aspects of co-operativity in hemoglobin (Herzfeld & Stanley, 1974) and
glyceraldehyde-3-phosphate dehydrogenase (Herzfeld & Schlesinger, 1975). As an ex-
ample of heterotropic interactions we have analyzed the effects of the organic
phosphates 2,3-diphosphoglycerate (P,Glyc) and inositol-hexaphosphate on the
kinetics of the reactions of hemoglobin.

Our quantitative description of the kinetics uses the master equation approach
of statistical mechanics (Oppenheim, 1969; Montroll, 1967; Stanley, 1971), as opposed
to the conventional mass-action method of chemical kinetics. The master equation
approach has the conceptual advantage that one can relate co-operative behavior to
the various molecular states of the protein. The equilibrium constants for the various
reactions can be expressed in terms of the energies of these states, and the reaction
rates can be expressed as functions of both the energies of these states and the tran-
sition probabilities between various states.

Our approach also has the practical advantage that the number of parameters
needed to describe a given set of data is reduced. Since the rate constants can be
expressed as a product of various factors, each of which represents the effect of a
specific type of interaction, it is possible to systematically assess the contribution of
the various possible interactions to the overall rate constant. Our detailed formalism
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18 quite analogous to that used by Glauber (1963) to describe the time development
of an Ising spin system. The Glauber formalism has previously been applied by Goel
(1968) to explain the kinetics of denaturation of DNA and by Bush & Thompson
(1971a,b) to extend the Koshland-Némethy—Filmer (Koshland et al., 1966) model to
the kineties of hemoglobin oxygenation.

In sections 2 to 5 we describe the theoretical aspects of our approach to kinetics.
The Glauber formalism is reviewed briefly in section 2. In section 3 we develop a general
model for homotropic effects in hemoglobin kinetics. This is extended to include
heterotropic interactions in section 4. Our approach is compared with mass-action
schemes in section 5. In sections 6 and 7 we compare the calculations based on the
Perutz description, with data on the kinetics of CO binding, O, binding and O,
dissociation in the presence of organic phosphates (MacQuarrie & Gibson, 1972;
Gibson, 1970a; Salhany et al., 1970; Gray & Gibson, 1971). The dependence of the
Adair rate constants on organic phosphate concentration is discussed in section 8.
A concluding discussion is presented in section 9.

2. Formalism

In order to describe the equilibrium and kinetic properties of ligand binding to an
oligomeric protein, we need to evaluate quantities such as the average number of
occupied sites, the average number of molecules in a given quaternary or tertiary
conformation, and so forth. In statistical mechanical terms, any observable quantity is
given by an average of a molecular variable, v, over all the states of the protein
molecule at time ¢

Vit) = wy = > vP(4;1). 1)
staa]ges
The basic quantity describing the system, P(4;t), is the probability of finding a
molecule in a given state, 4, at time ¢.

In order to calculate P(4; t), given the initial probability distribution P(4 ;¢ = 0),
we need an expression for the rate of change of the probability, dP(4; ¢)/dt. The
time derivative dP(4; t)/dt consists of two sorts of terms. The first type contributes
to the increase in P(A4;t), and arises from the possibility of transitions into state 4
from other states A’; hence it is given by the product of the probability of the molecule
being in state A’ and the transition probability per unit time W(A4’ — A). The second
term contributes to the decrease in P(4; {), and arises from the possibility of transitions
out of state A4; hence it is given by the product of the probability of the molecule
being in state A and the transition probability per unit time W(4 — A’). Thus the
full differential equation for P(4, ¢) is

d%P(A;a) = >[W(A —>A)PA';t) — W(A - A")P(4;1)). (2)
e

Equation (2) is known as the master equation (Montroli, 1967; Oppenheim, 1969;
Stanley, 1971). Several basic assumptions underlie this equation.

(i) The variables describing the state of the system are stochastic functions of time—
i.e. each variable can take any one of a given set of values with a finite probability,
and the variable can make transitions between these values randomly. These tran-
sitions take place because of the weak interactions between the protein molecule and
its environment (which, in statistical mechanical terms, is a heat and ligand reservoir).

(ii) The system under consideration satisfies the Markoff property (Cox & Miller,
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1965)—i.e. the probability of a transition occurring in a small time interval (¢, ¢ < 8¢)
depends only on the state occupied at time ¢ and not on the states occupied before
time t.

(iii) The probability of a transition occurring in a small time interval (¢,  + 8t) is
proportional to 8, with a transition probability per unit time. W(A’ - A4), which
depends only upon the momentary values of the variables describing the states 4 and
A" as well as upon the influence of the environment of the system.

As ¢ approaches infinity, the system under consideration achieves equilibrium.
Thus lim, ., »P(A. 1) = P.(A4). where

P (d) = exp{—B&(A)}Z. (3a)
Here
E(A) = G(A) — n pus (3b)
and B = 1/k7', where G(A) denotes the free energy of the molecule in the state A,
. the number of bound substrate molecules, pg the chemical potential of the sub-
strate, k the Boltzmann constant and 7' the temperature. The normalization constant,
7 == Y Jexp{—B&(A)}], is the partition function. A sufficient but not necessary
condition for the achievement of this result is obtained by setting
w4 ~ 4 . Py (4') i -y cr AN 13
TS~ P~ P — s, +)
Equation (4) is known as the principle of detailed balance.

We also agsume that in the time interval (£, ¢ + 8t) only those transitions which
involve the change of a single variable occur. If »,, v,, . . . , 2, denote the n variables
characterizing the state 4, then this assumption requires that

W({ey, Vg oo s ¥y oo i Ve 0y > {0y, v;,....r},...,v"})

be negligibly small. This assumption implies, for example, that whereas the probability
of binding one ligand molecule in the time interval (¢, ¢ + 8t) is proportional to 8¢,
the probability of binding two ligand molecules in the same time interval is pro-
portional to (8f)2. and hence makes a negligible contribution to the reaction. However,
if the variables »; and #; are coupled by an infinitely strong interaction, so that the
value of v, is completely determined by the value of #;, and the two never change
independently. then we include the simultaneous transition of v; and v, to v} and v}
in equation (2). These concepts are illustrated schematically in Figure 1.

Given the state of the system at some time, say ¢ = 0, and knowing the functional
form for the transition probabilities W (A4 —> A’), one can, in principle, solve the master
equation to determine the set of functions P(4; t) at all times for all states. In
practice, however, the total number of states is usually so large that such a solution
would be impossible; moreover the functions P(4; ¢} in their entirety contain vastly
more information than we usually require. In general it suffices to know the time
development of the various average quantities one usually measures.

In this work the variables »; will typically represent such characteristics of the
molecule as ligand binding, tertiary conformation, and quaternary conformation.
In the case of those molecules for which each variable v; can take on only two distinet
values (e.g. liganded and unliganded), equation (2) assumes the form (Glauber, 1963)

d r
— P(w,. .. .. P 0) = O [W(—v; >0 )P(vy. ... =y ..., 0y)
<

— W, > —v) Py, ..., v5 ..., 1)), (5)
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State

(1,

I 148+
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Fia. 1. (a) Schematic representation of the concept of allowed and forbidden transitions between
the 4 possible states of a dimeric molecule with equivalent subunits (e.g. the «f dimer produced
by dissociation of hemoglobin). The state of the molecule can be described by the two variables
(84, 82), where 8, = —+ 1 if the jth site is occupied by ligand and — 1 if empty. The shaded semicircle
represents an occupied site and the open semicircle an empty site. The solid arrows indicate the
allowed transitions and the broken arrows correspond to forbidden transitions. (b) One possible
distribution of five dimeric molecules among the 4 possible states at time ¢ and at time ¢ + 8.
The arrows indicate transitions which occurred in the interval 8. To illustrate the use of the
master equation, eqn (2), consider the state (1,—1). The increase of 1 in the number of molecules
in this state during the time interval (¢, ¢ + 8¢) is due to 2 transitions snfo this state (from (—1,
—1) and (1,1)) and 1 transition out of this state (to (1,1)).

where the two values of each variable v; are denoted by -1 and —1. In writing
equation (5} we have used the condensed notation of specifying only that variable
which changes in a transition; thus W(»; - —uv,) represents W({v,,v,, ..., v, ...,9,}
> {Vy, Vs oy — Vg oo, Up))e

The time derivatives of the expectation values (averages at time f) (v,>, {vw,>,
(v, ... can be expressed directly in terms of averages involving the transition
probabilities (Glauber, 1963). Straightforward algebra gives the following results:

d%<”k> = =2 W(v, - —v))

d

a ey = =2 [W(v; > —v,)) + Wy, > —o)D (6)
d

T ooy = =2l [W(v, = —vy) + W(o, — —vy) + W(v, - —v)].

The above equations are quite general; details of the molecular model are introduced
by specifying the energies of the various states in equation (3).
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3. Homotropic Co-operativity

In this section we apply the general formalism of section 2 to the specific case of a
protein in the absence of effector molecules. For the sake of simplicity we treat the
subunits as equivalent; the modifications necessary if the subunits are inequivalent
are discussed in section 5. Although the methods of this section apply to ligand binding
in any co-operative protein, our specific calculations will deal with hemoglobin. We
can describe the state of the hemoglobin tetramer by the variables s;, ¢;, and ¢, where
the index ¢ varies from 1 to N, and N is the number of subunits in the molecule.

(i) s; represents the association of substrate with the substrate binding site on
the ith subunit. Here s; = 1 if the ith site is occupied by substrate and —-1
otherwise.

(ii) t; represents the tertiary conformation of the ith subunit. For hemoglobin we
consider only two tertiary conformations for each subunit, which we denote by
t; = 41 for the “oxy’” tertiary conformation and ¢, == —1 for the “deoxy” tertiary
conformation.

(iii) ¢ represents the quaternary conformation of the molecule. For hemoglobin we
consider only two quaternary conformations, the oxy and deoxy quaternary con-
formations corresponding to ¢ = +1 and —1, respectively.

Since N, the number of subunits, is 4 for hemoglobin, we have a total of
2402 2 ~: 29 possible states. In principle all of these states can occur; however.
some of them may occur with negligible probability.

Homotropic co-operativity arises from coupling among these variables. This may
oceur in a number of ways.

(i) The substrate binding equilibria may he coupled to the conformational equilibria
by preferential substrate binding to certain conformations (Monod ef al., 1965). An
extreme case. in which the protein is in one conformation when substrate is bound and
in another when substrate is not bound, is called induced-fit. binding (Koshland et al..
1966).

(ii) The tertiary conformational equilibrium of a subunit may be coupled to that of
a neighboring subunit by nearest-neighbor constraints (Koshland et al.. 1966).

(iii) The tertiary conformational equilibrium of a subunit may be coupled to the
quaternary conformational equilibrium of the molecule by molecular constraints, i.e.
the dependence on quaternary conformation of the constraints placed on one subunit
hy the other subunits (Monod et al., 1965).

Thus, for hemoglobin the quantity &, defined in equation (3b), is given by (Herzfeld
& Stanlev. 1974):

. X Gy Grr
& Mgy | E |:<“)— ’—T(tiu Sbig) — Ugrq |8

1L g,
; <_, ps + (g + t,-GST)< ;‘Sﬂ (7)

Here (7 is the difference in free energy between the two quaternary conformations of
the molecule, (G'r — 2qGqr — (¢, + t;_ ;)G o) is the difference in energy between
the two tertiary conformations of a given subunit when the molecule is in the ¢
quaternary conformation and the two neighboring subunits are in the ¢,, , and ¢

i-1
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tertiary conformationst, and (Gg + {,Ggp) is the energy of substrate binding to a
subunit in the ¢, tertiary conformation. Note that if Gg; = 0 substrate binding is not
preferential, if G = 0 the tertiary conformational equilibria of neighboring subunits
are not coupled, and if Gy = 0 the tertiary conformational equilibria of individual
subunits are not coupled to the quaternary conformational equilibrium of the
molecule.

The expression for & simplifies considerably in limiting cases (Herzfeld & Stanley,
1974). In particular, the allosteric models of Monod ef al. (1965) and Koshland et al.
(1966), and the Perutz (1970a,b) description of co-operativity in hemoglobin are three
such simple limiting cases. In this paper we will consider the kinetics of hemoglobin
within the framework of the Perutz model. All the following discussion is restricted
to this model. The method can be generalized to consider any other model of co-
operative interaction.

According to Perutz there are no nearest-neighbor constraints in hemoglobin
(Gpr = 0). However, the quaternary conformational constraints are finite and
non-zero (0 < Ggqrp << o). Also, Perutz has suggested that oxygen binding to hemo-
globin i8 induced-fit (Gp — 00,Ggy > —0, G + Ggr finite). Hence, according to
this picture, the state of the hemoglobin molecule can be described by the 5 variables
(8 =1t;,q) (withi =1, ...,4) and the expression & of equation (7) reduces to

4 1+ s G
6 = 3Gqq + Z (—ps + G+ Ggp)| —— | + —- — Garq Jsi |- (8)
i=1 2 2

Sinee, in the case being considered, each of the variables takes on only two possible
values, -1 or —1, the master equation describing the time development can be
written in the simplified form of equation (5)f:

d y
a P({si};9) = 21 [Wen(—s8; = 8)P(—sy, .. .) — Wgnls; = —s)P(sy, - . )]

+[(Wol—g > P( ... —9) — Walg > —)P(. .., 9)]- (9)

The induced-fit binding assumption is incorporated in the transition probability
per unit time, Wg(s; - —s;), for the simultaneous change of the substrate occupancy
variable and the tertiary conformational variable of the ¢th subunit. Recent experi-
ments (Alpert et al., 1974) show that the tertiary conformational change occurs on a
time scale of microseconds, whereas the ligand binding occurs in a time scale of
milliseconds, so that it is reasonable to assume that the tertiary conformation of a
subunit changes almost instantaneously upon changing the state of ligation of that
subunit.

The principle of detailed balance can be used to express the transition probabilities
in terms of the parameters appearing in the expression for & (equation (8)). The most
general form of the transition probability consistent with equations (4) and (8) is
shown in the Appendix to be

Wen(s; > —s;) = k(1 + ag)(l -+ 0gp8)(1 — Ogps,9). (10)
+ For the sake of simplicity we consider Gy to be independent of ¢; if Gpy is dependent on the
quaternary conformation, then we can write Grr(g) = @'pr + ¢G 3 and the rest of the analysis

follows analogously. Note that we are considering here only cases where each subunit interacts
with just two others (i.e. a square model for a molecule with four subunits). However, the formal-
ism can be generalized to include other patterns of interaction.

t The general master equation, equation (2), can be used in those cases where it is necessary
to consider more than two distinet quaternary or tertiary conformations.
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Here
fsr = tanh {}B(Gs + Gsr + Gr — pg)} (11a)
and
Oqr = tanh {BG g} (11h)

are related to equilibrium properties, while the parameters k and « have no equilibrium
analogs. Note that k(1 + «g) is a time scaling factor (k has the dimension s~ while «
is dimensionless) and it depends on the temperature of the system. It should be
mentioned that Wgr(s; > —s,) is independent of s,(j 5 ¢), the substrate occupancy
states of the other subunits, because in the Perutz model there is no direct coupling
between events at one subunit and its neighbors (i.e. no tertiary—tertiary interactions).

Notice from equation (1la) that when s, = —1, (1 + §,847)/(1 + 0gq) is propor-
tional to exp(Bug); hence this factor is proportional to the substrate concentration for
s; == —1 and is independent of substrate concentration for s; = +1. Thus, if we write
equation (10) in the form

Wonls; > —s;) = wgp(l — Ogrsig)(1 + Og08)/(1 + Og7), (12)
where
wgr = k(1 + ag)(1 + Og1), (13)

then it becomes immediately apparent that the rate of binding of a substrate molecule
(s; = —1) is directly proportional to the substrate concentration, whereas the rate
of dissociation (s; = 1) is independent of substrate concentration. Hence wgr is
equal to the rate of substrate dissociation from a molecule in which the quaternary
conformation provides no constraints on the tertiary equilibrium (i.e. Ggqp = 0,
Ogr = 0). If « is zero, then wgy has the same value for both quaternary conformations.
A non-zero value of « implies that the quaternary conformation affects the rates of
tertiary conformational changes, even if it does not affect the tertiary equilibria (i.e.
the forward and backward rates are affected equally and the ratio remains unaffected).
It should be emphasized that the above statements can be made only because a
microscopie picture has been used to derive the kinetics of the system.

As was mentioned above, the master equation formalism has been used to analyze
the kinetics of DNA denaturation (Goel, 1968), oxygenation kinetics in the Koshland-
Nemethy—Filmer model (Bush & Thompson, 1971a,b), and the time dependence of the
Ising model in magnetism (Glauber, 1963 ; Suzuki & Kubo, 1968). In all these applica-
tions, the transition probability had a form corresponding to the case o = 0 in
equation (10). However, in this work the effect of non-zero « will be considered when
fitting experimental data.

Equation (10) can be used to obtain expressions for the rate constants for substrate
binding and substrate dissociation when the molecule is in either the oxy or the
deoxy quaternary conformation. On considering all four possibilities, we have

Wen(s; = —1 > s, = +1| g = oxy) k(L + o)(1 + Oqr)K sn[Sliree  (14a)
Wen(s; = —1 s = +1| g = deoxy) = k(1 — a)(l — Oor)Ksr[S]nee (14b)
Werlsi = +1 -8 = —1[g=o0xy) =k(1 + 2)(1 — bg7) {14c)
Wan(s; = +1 -8 = —1] g = deoxy) = k(1 — a)(1 + Og1)- (14d)

~3
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Here we have used the fact that the concentration of free substrate molecules [ S,
is directly proportional to exp(Bug) to define the equilibrium constant K,

KenlSlieo = 1220 = explBus)expl 85 + Ga + Gon)). (19
’F OST

For positive quaternary-tertiary interactions (Ggqr > 0, 8gr > 0), note that if
« > 0, the substrate binding to a subunit is faster when the molecule is in the oxy
quaternary conformation than when it is in the deoxy quaternary conformation. The
reverse holds for the dissociation rates provided a < 8g;. For the case 0 < « <C f4n,
this result can be physically interpreted to mean that transitions in which the final
state has compatible quaternary and tertiary conformations (¢¢ = 1) are more

probable than those for which the final state will have gt = —1.
An analogous choice for W 4(qg — —q), the transition probability for the quaternary

conformational change, is
4

Walg > —q) = wq(l + qby) H (1 — s,98q1), (16a)

=1

where wq is the time scaling parameter for quaternary conformational change, and
6q = tanh(}pGy). (16b)

As was discussed in the preceding paragraph, wq can depend on the values {t;}, where
t; = s; for induced-fit binding. By substituting the expressions for the transitions
probabilities (eqns (10) and (16)) into eqn (6) we obtain rate equations for the various
averages (€.g. (@), 21 <80, 24 g8, Duz; <8:8;>, . - .) (Bansil, 1975). The resulting set
of nine coupled first-order differential equations can be solved numerically, with
appropriate initial conditions, to obtain the kinetics of the reaction under considera-
tion. The kinetic equations of the Perutz model are mathematically equivalent to
those obtained with the Monod-Wyman-Changeux model; the two descriptions
differ in the physical interpretation of the model parameters.

4. Heterotropic Co-operativity

The formalism developed above is adequate to describe the reaction of hemoglobin
with ligands at a single fixed concentration of each effector. Organic phosphates have
been shown to bind preferentially to the deoxy quaternary conformation of hemo-
globin (Perutz, 1970a,b; Benesch et al., 1969; Benesch & Benesch, 1974) and thereby
to shift the quaternary equilibrium. In addition, the strength of the quaternary
conformational constraints may vary with the binding of organic phosphate (Arnone,
1972; Herzfeld & Stanley, 1974). These ideas can be included in a quantitative
manner if we extend the expression for & (equation (8)) to include the increase in free
energy, &, due to the binding of the effector,

3 i I + sg
86 = [—pg + Gg + ¢Gqs — thiGQT.E] 3 ) (17)
i=1

where ¢; = s, for induced-fit binding of substrate. Here uy is the chemical potential of
the quaternary effector, (Gg -+ ¢Gqg) is the energy of effector binding to a molecule
in the ¢ quaternary conformation and sy is the variable representing occupancy of
the effector binding site (sy = -1 if effector is bound, —1 if not bound to the mol-
ecule). The effect of the last term in equation (17) is to increase the strength of the
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quaternary conformational constraints (g by the amount (g, 5 when the effector
is bound.
The master equation, equation (9), now becomes

d g) N 7—, 9 .( —_
a {8 = b, g sgt) =
N
DIWar(—s;=>8)P(—si ... 1t) — Wanls; > —s)P( ... 51 0)]
i
FIWo(—q—=>qP(... —q;8) — Wolg > —q)P(. .. .q: 1)
- [Wgl—sg—>sg)P(. .., —sg:t) — Wglsg > —sp)P(. ... sg: 1)], (18)

where the last term represents the transition involving the change in the effector
occupancy variable, sg. As before, a choice for the transition probability W g(sg > -—sy)
consistent with the principle of detailed balance, equation (4), and of the same form
as Wgqpis

;o 1 4 Ogse . !
Wg{+s8g > —s5) = wg| ——— J(1 + Bqrgss) H {1 — Bqr 69%55). (19)
1 + BE (1
Here
0y = tanh[3B(Gx — ug)] (20a)
Oqg = tanh($BGqy), (20b)
b5 = tanh(3G gz 5), (20¢)

and wg is the time scaling parameter for the transition sg - —sg. The transition
probability W ¢, equation (16), must be modified to include the coupling between the
effector binding equilibrium and the quaternary conformational equilibrium and is
given by

N
Walg - — q) = well + 049){ I_I (I — Ogr(f)gsy) } (1 |- git tanh(BGgg)).  (21)
Pl

where

fqr(%) = tanh{B(Gqr + AGqr 5)} (22a)
and

7= (1 + sg)/2. (22b)
The transition probability W s; remains unchanged in form provided 64 is replaced
by 8gr(7#). The time scaling parameter wgy of equation (13) may now depend on the
presence of organic phosphates, in addition to its dependence on the quaternary
conformation. The time scaling parameter wq could depend on the presence of
organic phosphates, and wg could depend on the quaternary conformation and on
the number of bound substrates.

For other kinds of effectors, the form of 8¢ is different from that given in equation
(17) and the expressions for the transition probabilities, W, differ accordingly.
However, the procedure outlined above is quite generally applicable to all types of
effectors.

5. Relation to Mass-action Schemes
(a) General mass-action scheme for equivalent subunits

Ligand binding to hemoglobin, in the presence of varying concentrations of organic
phosphates, may also be described by a mass-action scheme, as shown in Figure 2.
From the master equation (eqn 18) one can obtain rate equations for average quan-
tities such as D7 | (8,5, 2f_, g8, D D41 <8:8;>, etc. These averages are linearly
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F1g. 2. Reaction of hemoglobin with substrate in the presence of organic phosphates, assuming
equivalent subunits. The broken circles and squares denote, respectively, the oxy and deoxy
tertiary conformations of a subunit, while the solid circles and squares denote the oxy and deoxy
quaternary conformations of the hemoglobin tetramer. The assumption of induced-fit binding
implies that the liganded subunits are in the oxy tertiary conformation and the unliganded
subunits are in the deoxy tertiary conformation.

(a) The reaction of substrate, X, with an individual subunit of a hemoglobin molecule which
is in the ¢ quaternary conformation and has 7i(#i = 0,1) molecules of organic phosphate bound;
k, 7 and k, ; denote, respectively, the on and off rate constants. (b) The reaction of organic phos-
phate, P, with the Hb tetramer which is in the ¢ quarternary conformation and has 7 liganded
subunits (2 = 0, 1, ..., 4). IE;,. and IZq, denote, respectively, the on and off rate constants for the
organic phosphate binding reaction. (¢) The quaternary conformational transformation between
the oxy and deoxy conformations of the hemoglobin tetramer with 7-subunits liganded and #
bound molecules of organic phosphate; r4,, and 7’5 ; denote the rates for these transformations.

related to the concentrations of the variously liganded species produced in the
reaction (Bansil, 1975). The 48 rate constants of the mass-action scheme may be given
in term of our parameters, as follows:

(i) The rate constants for the ligand binding reaction are

kqﬁ = wgrKgr(l + g0qr(7)) (23a)
ko = wgr(l — qqr(7)), (23b)
where
Kn[S8]iree = (1 — Ogr)/(1 + O50). (23¢)
(ii) The effector binding reaction has the rate constants
ki = weKg(l — g8qe)(1 4 gbar n)(1 — qfgr.g)* " (24a)
kg = wg(l + ¢8ag)(1 — ¢0qr.8)(1 + ¢qr.e)* %, (24b)
where

K[Elree = (1 — 8g)/(1 + 0g). (24c)
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(iii) The quaternary conformational transition occurs with the rate constants

ra = wq(l 4 0o)(1 — Ogp(#))*(1 + Oq2(A))* (1 + 7 tanh(BGqg)) (25a)

P = wa(l — 0)(1 + gn(@)H(1 — Ogn(#)*~ (1 — # tanh(8G 4g)) (25b)
where #i denotes the number of organic molecules bound to the hemoglobin tetramer
(# =10o0rl).

TFor a pure quaternary effector (6gr 5 = 0) the only dependence of the rates for the
effector binding reaction on the number of substrate molecules bound is due to the
implicit dependence of wg on 7. We also note that if wg is independent of the binding
of the effector then rates for substrate binding to an individual subunit (eqn 23) are
not affected by the binding of the effector.

If the binding of the effector strengthens the quaternary constraints (Ggp g > 0
and Og(7t = 1) > Ogr(# = 0)) but does not affect wg,, we note from equations (23a)
and (23b) that the rate constant for substrate binding to an individual subunit of a
molecule in the deoxy conformation decreases and the rate constant for substrate
dissociation increases with increasing effector concentration. The reverse holds for a
subunit of a molecule in the oxy quaternary conformation.

(b) Adair scheme

The reactions shown in Figure 2 reduce to an Adair scheme if both the quaternary
conformational equilibria and the phosphate binding equilibria are established very
rapidly as compared to the substrate binding equilibria. For this special case the Adair
rate constants (defined on a per heme basis) are given by

k=2 2f Tk and k=3 3Pk, (26)
q @ q #
Here fi* denotes the fraction of molecules with i-ligands bound which are in the
g-quaternary conformation and have # organic phosphate molecules bound.

The fractional concentrations are determined by the normalization requirement,
22/ =1, (27)
q A
by the requirement that the organic phosphate binding be in equilibrium,
FEIFE = (Bliree (Ryilke)
= [Elires Ko[exp(28gGqr.5)], (28)

and by the requirement that the quaternary conformational transition be in equili-
brium,

f?eoxy, ﬁ/f;’xy' = (Tﬁ,i/r;‘i, i)

K oXy ﬁ
= Kolexp{—4B(Gqr 4 #Gqr.5) }]i<—%;) . (29)

Here -
Kq = Kglexp{—¢gB(Gqr + 4G qr 1) }] (30)

is the equilibrium constant for organic phosphate binding to completely unliganded
hemoglobin in the ¢ quaternary conformation and

Kq = exp{B(Gq + 8Gqr)} (31)
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is the quaternary conformational equilibrium constant for hemoglobin with no
substrate or effector bound.

From equations (26) to (31) and (23) it can be seen that whereas the Adair scheme
requires an independent set of 8 rate constants for each concentration of organic
phosphate, our use of the master equation approach and the Perutz model allows us
to describe the reaction kinetics at all concentrations of organic phosphate with one
set of parameters; the total number of parameters ranges from a minimum of 6
(wgr, Kgr, Ggr K, K s, Kgooxy) to a maximum of 10 (wgr(oxy, 7t = 0), wgr(oxy,
7i = 1), wgr(deoxy, 7 = 0), wgp(deoxy, # = 1), Kgr, Gar Gar.5 Ko Koxys K ieoxy)- In
principle, the parameters wgp(oxy, i = 0), wgr(deoxy, ## = 0), Ky, Gqrand K can
be determined from kinetic data in the absence of organic phosphates. The five re-
maining parameters can be determined from the analysis of kinetic data at a single
concentration of organic phosphate, all other conditions being the same as that for
the experiment in the absence of organic phosphate. The complete set of parameters,
thus determined, can be used to calculate the kinetics at any other concentration of
organic phosphate.

(¢) Olson—Gibson scheme

If the subunits are not all equivalent, as in the case of hemoglobin, which has two «
and two B subunits, then the model parameters Gqr, Ggr g and wgy, and the mass-
action parameters k,; and k,;, may be considered different for the two types of
subunits.

Thus for reactions involving the « subunits, the Olson-Gibson (1972) rate constants
are given by

qan’

;gﬁ”% ik (32a)
2 Z o e (32Db)
Similarly for the B-subunits,
By =22k (33a)
- gg @ (33b)

Note that the k;; have been defined on a per heme basis. To obtain the actual rate
constant for a given step we have to multiply by the statistical factors (Olson &
Gibson, 1972) corresponding to the number of hemes of a given type (« or §) available
for oxygenation or deoxygenation.

In equation (32) the individual subunit rate constants k'“ and kg; appropriate to
the « subunits can be obtained from equations (23a) and (23b) w1th the replacement
of wgr, Kgr, Oqr(fi) by wip, Kir, 04r(#), respectively. The % now denote the fraction
of molecules with ¢ «- and j B-subunits liganded which are in the g-quaternary con-
formation and have # organic phosphate molecules bound. These fractional con-
centrations can be determined in & manner exactly analogous to that used in section
5(b). Equations (28) and (29) can be applied to the present case if we recognize that
there are two types of liganded subunits, so that we must replace iGqr by the weighted
average (iGgy + jG4y) and iGqr,; by the corresponding quantity (iGgy x + jGr.n)-
The eauilibrium constants for the unliganded species are given by equations (30) and
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(31) with G4 and Ggr g replaced by the corresponding averages over the two kinds
of subunits, namely Gor = (Ggp + G41)/2, Ogr.x = (Gr 5 + Corp)2-

Notice that whereas the Olson—Gibson mass-action scheme requires an independent
set of 32 rate constants for each concentration of organic phosphate, our use of the
master equation approach and the Perutz model allows us to describe the reaction
kinetics at all concentrations of organic phosphate with a single set of parameters; the
total m;l,mber gf parameters ranging from a minimum of 9 (wgr, ng, K, KgT, G“QT, (}BQT.
Koo Koy Kaeoxy) to a maximum of 17 wip(deoxy, # =0), wip(deoxy, # = 1),
wiploxy, # = 0), wip(oxy, i = 1), wi(deoxy, i = 0), wly(deoxy, # = 1), wh(oxy,
i = 0). wiploxy, @i = 1), Ky, Kfp, Gor, Gor Orn Gorn Kar Koxys Koeoxy)- Also
note that in principle the parameters wgg(g, ## = 0), ng(q, 0 =0), Kip, KgT, GZ)T’
(}6T and K can be determined from an analysis of ligand binding reactions in the
absence of organic phosphates, and the remaining phosphate-related parameters
wiplg, @ = 1), wlplg, # = 1), Gp g, Ghr g Koxy and Koy, can be determined from
an analysis of the same reaction at a single concentration of organie phosphate.

In the following sections we will compare the results of our calculations with experi-
mental data. We will show that in most cases the theoretical results obtained by using
the minimal set of parameters are quite adequate to explain the data. For example,
using only five parameters (considerably less than required in the Adair scheme)
we can explain the deoxygenation kinetics over a wide range of P ,Glyct concentrations
and with only seven parameters (again considerably less than in the Olson-Gibson
scheme) we can account for the dependence of the deoxygenation reaction over a
wide range of IHP concentrations.

6. Ligand Binding to Deoxygenated Hemoglobin

In this section we apply the approach developed above to the stopped-flow kinetic
data of (a) the reaction of hemoglobin with CO in the presence of HPT, a fluorescent
analog of P,Glyc and (b) the reaction of stripped and unstripped hemoglobin with O .

Here we assume that both the quaternary conformational equilibria and organic
phosphate binding equilibria are established rapidly compared to the ligand binding
equilibria.

(i) The justification for a rapid oxy — deoxy conformational transition comes from
flash photolysis experiments. For example Gibson {1959a) finds the average time
required for the oxy — deoxy transition is less than 1 ms at 20°C. McCray (1972)
reports the conformational transition occurs in less than a few us. All of these
estimates are considerably faster than the effective time scale of the CO binding
reaction (~100ms; Gibson, 1959b) as well as the time scale for the O, binding reac-
tion (~10 ms; Gibson, 1970a).

(ii) The justification of rapid phosphate binding comes from the experimental
observation that exactly the same kinetics are observed when P,Glyc, IHP or HPT is
mixed with hemoglobin in the stopped-flow apparatus as when hemoglobin is preincu-
bated with the organic phosphate (Gibson, 19705; Gray & Gibson, 1971 ; MacQuarrie
& Gibson, 1972). This result implies that the reaction of these organic phosphates
with both oxy and deoxy Hb must occur within the dead time of the stopped-flow
apparatus (2 ms).

t See footnote to p. 89,
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As a result of assumptions (i) and (ii), the reaction of Hb with O, (or CO) in the
presence of organic phosphate can be described by an Adair scheme (if the subunits
are considered equivalent) with the rate constants given by equations (23) and (26)
to (31) or by the Olson-Gibson (1972) modified Adair scheme (if the subunits are
congidered inequivalent) with the rate constants given by equations (32) and (33).

(a) CO binding reaction in the presence of 8-hydroxy-1,3,6-pyrenetrisulfonate

Figure 3(a) shows the data of MacQuarrie & Gibson (1972) for the simultaneous
measurement of Y.,, the fractional saturation of Hb with CO (determined by the
change in absorbance) and fypy, the fraction of HPT released (determined by the
change in fluorescence). Thus

Yeolt) = {C.1(t) + 20,(¢8) + 3C,(t) + 404(”} 4[Hbyliota1 (34a)
fHPT(t) = {[HPT]free.t - [HPT]free.t=0}/{[HPT]Iree.t—o°0 - [HPT]free.t=0} (34b)
and [HPT];,, ; is given by

4
)1 deoxy, 1 —
HPT)sree e + 2 {(f" + f§V1)04(t)} = [HPT oty (34¢)
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Fi6. 3. (a) Comparison of calculated curves with experimental data (MacQuarrie & Gibson, 1972)
for the kinetics of CO binding and HPT release from hemoglobin at pH 6-0 (50 mM-bis-Tris
buffer), 20°C; [Hb] = 29-2 um (by heme), [COJ;,; = 46-0 pm and [HPT] = 1-0 um. (O), Yo,
the fractional saturation of Hb with CO; (@), fupr, the fraction of HPT released; (——————
the best fit of the thereotical expressions obtained by solving the rate equations corresponding to
the reaction scheme of section 5(b) with equivalent subunits (x = B). The 5 parameters used are
(wepKar) = 98 pM~1 871, fgr = 09848, Kg = 2:71x 10'2, K, = 52:6 mm~? and Kguox,
= 9lmm~3,

(b) Predicted time dependence of the concentrations of the various species produced in the
reaction of (8). (————) Time dependence of C,, the fraction of molecules with ¢ CO molecules
bound (i =0, ..., 4) (C;= [Hb(CO)J/[Hbgltota1): (~—==) [HPT]rree, /[HPT]iora; caleulated
using the parameters of (a). [Hb,Jiota1 = 73 uM and [HPT],5001 = 1-0 uM. Note that the fractional
concentration, Cj, is less than 10-2 and cannot be displayed on the chosen scale.

{c) Relation of Y, fractional saturation of Hb with CO, and f,,,, fraction of moleeules in the
oxy quaternary conformation, with the fraction of HPT released. The calculated curves are based
on the parameter values of (a).
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Here C(t) denotes the concentration of the species Hb,(CO), at time ¢ and f' can
be obtained from equations (28) and (29). Since in the reaction of CO with Hb the
dissociation rates &, can be neglected (Gibson & Roughton, 1957) the best least-squares
fit to Yoo and fyp simultaneously is achieved by varying a single set of five para-
meters (wgrK gt Ogr Kq» Koxyr Kaeoxy)- The results are shown in Figure 3(a). The
average accuracy of the fit is better than 19,. The values of the HPT binding constants
K oyy and K go0xy for the best fit are in very good agreement with those obtained by
MacQuarrie & Gibson (1972).

Figure 3(b) shows the time dependence of the concentrations C;(i = 0, ... .4) and
the concentration of free HPT. The species Hb,(CO); is produced in very small
quantities. Our calculation predicts that the species with two or less CO molecules
hound are predominantly in the deoxy quaternary conformation both in the presencc
and absence of HPT.

Figure 3(c) shows Yo and f,,, the fraction of molecules in the oxy quaternary
conformation, as a function of fypr. Notice that the release of HPT lags behind the
binding of CO, and that the fraction of HPT released is almost equal to the fraction
of molecules in the oxy quaternary conformation. Our calculation shows that
Soxy = {0-63[Hb(CO)4] + [Hb,(CO),1}/[Hbylior- Thus we see that HPT is released
mainly from the molecules in the oxy quaternary conformation, and the switch to
this conformation occurs at about the binding of the third CO molecule, giving rise
to the observed lag between CO binding and HPT release.

For these data we find no significant improvement in fit on allowing for (i) depen-
dence of wgy on ¢ and 7% (8 parameters), (ii) effects of HPT on the conformational
constraints (Ggr 5 = 0) (6 parameters), and (iii) inequivalence of subunits (7 para-
meters). However, it is possible that any dependence of wgr on 7 and any effect of
HPT binding on the conformational constraints would not be apparent because the
data analyzed here are only for a single concentration of HPT. The result that the
fit is unaffected by allowing for inequivalent subunits is consistent with the experi-
mental finding (MacQuarrie & Gibson, 1972) that-—so far as CO binding is concerned---
the « and B subunits are functionally similar.

{(b) O4 binding reaction for stripped and wnstripped hemoglobin

Figure 4(a) shows stopped-flow data of Gibson (1970a) for the reaction of O, with
stripped hemoglobin. The theoretical curves were calculated by solving the differential
equations corresponding to the Adair scheme for equivalent subunits under the
assumption (i) of rapid conformational equilibria. The Adair rate constants are
expressed in terms of the 4 parameters: wgq, Ko, Ogr, and K g, according to equations
(23) and (26) to (31) with [Pl = 0 and # = 0. For the calculation shown in Figure
4(a) the parameters wg, and Kgp were specified by requiring that the individual
subunit rate constants in the oxy quaternary conformation, k;,xy = wgpKgr(l + 8gr1)
and k,y, == wgp(l — fgq), are fixed at the values 33-0 uMm~! s~ and 12:5 s~ 1, respec-

at pH 7-0 (Gibson, 1970a). The solid curves are calculated using the parameters of (a) for stripped
Hb and the parameters of (¢) for unstripped Hb.

Note that the data points shown were generated using the rate constants and equilibrium
constants reported by Gibson (1970a). Since the original data are not available, this procedure
was adopted to eliminate the extrapolation to zero time for the stopped-flow data as well as to
avoid the uncertainty associated with reading data from published curves. Since the calculation
of Gibson agrees with the actual data to an accuracy of -+0-789, saturation, this proeedure of
comparing theoretical curves with calculated data points seems well justified.
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Fia. 4. The reaction of O, with stripped and unstripped hemoglobin {Gibson, 1970a) at pH
7-0, 20°C.

The data shown in (a) are for the reaction of stripped hemoglobin (53 uM in heme) with 62 pm-
0y (—V—T—), 31 utt-0p (—A—A—), 165 uit-O (—(O—O—) and 7-8 pu-0p (— [—[I—)
in 0-05 m-bis-Tris buffer. The solid curves are obtained as discussed in section 6(b) by assuming
identical subunits with the parameter values wgy = 60-0 571, Kgp = 0-307 uM ™1, g = 0-793
and Kq = 1-469 x 10°.

The data points of (b} and (c} are for the reaction of unstripped hemoglobin (41-5 ua in heme)
with 124 pM-Op (—V —V—), 62 -0y (—A—A—), 31 uM-Oy (—O—0O—) and 155 pm-0,
(—{—[0~), in 0-1 M-phosphate buffer. The solid curves of {(h) are calculated by considering the
phosphates (P,Glyc and inorganic phosphate) as a quaternary effector which also alters the
strength of the conformational constraints (see text for discussion). The values of the parameters
wgts Ksrs Ogr(fi = 0) and Kg are the same values used in the calewlation for stripped hemoglobin
shown in (a). The three phosphate-related parameters are Oy (i — 1) = 0-8151, K o [Plotar =
0-466 X 1072, Kyoony [Pliotar = 1-369 % 10, The solid curves of (c) were caleculated on the assump-
tion that the binding of phosphates alters both the conformational constraints and the time sealing
parameter, wgr(deoxy). The values of the parameters wgp(0xy) = wgr(deoxy, i = 0), Kgr, Ogr (i = 0)
and K, are the same as those used in the calculation of (a). The four phosphate-related parameters
are wgeldeoxy, A = 1) = 205-8 571, fg(fi = 1) = 0-9319, Koxy[P]wtal = 0-13x 1073, and
Kdeoxy [Pleatar = 1-308 x 10°.

The equilibrium oxygenation date in (d) are for stripped () and unstripped (@) hemoglobin
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tively (Gibson, 19595,1970a); these numbers correspond to the “on” and “‘off” rate
constants for the binding of the fourth O, molecule (expressed on a per subunit basis).
Thus for the fit shown in Figure 4(a) there are only fwo variable parameters, 4, and
Kq.

For these data we find that allowing for a possible dependence of wgy on the
quaternary conformation does not produce any further improvement in the fit. We
note from equation (23) that if wgy were independent of the quaternary conformation
then k,  [kgeoxy = Kaeoxy/Foxy- Since the completely unliganded species and the species
with one ligand bound are almost exclusively in the deoxy quaternary conformation,
the on and off rate constants for the first step of ligand binding (expressed on a per
subunit basis) can be regarded as estimates of k;leox.v and kyqqny. respectively. Similarly,
the species with 3 and 4 ligand molecules hound are predominantly in the oxy quatern-
ary conformation and thus the on and off rate constants for the binding of the fourth
0, molecule can be regarded as estimates of k. and k,,,. Using the Adair rate con-
stants determined by Gibson (1970a) one finds Eacoxyl/Foxy = 10°9 and k. /k
- 89. The similarity of these two values supports our conclusion that wgrp is
independent of the quaternary conformation, at least to the experimental accuracy
of the presently available data.

Figure 4(b) and (¢) shows the stopped-flow data of Gibson (1970a) for the reaction
of 04 with unstripped hemoglobin in 0-1 M-phosphate buffer. Using the parameters
wgr. Ngr. 0gr and K g determined from the calculation for the reaction with stripped
hemoglobin, we attempted to fit these unstripped data using the phosphate related
parameters K | P], 0gp(# = 1) and wgr(# = 1). Here [P] denotes the free concen-
tration of all phosphate (P,Glye and inorganic phosphate). Since this quantity is not
exactly known for the data under consideration, we have to consider K oo, [P] and
K ,,[P] as the variable parameters in this case. Several calculations corresponding to
different types of effects of phosphates—with different numbers of parameters—were
performed. (i) The phosphates may be considered to alter only the quarternary
equilibrium. (i.e. Ggp g =0 and wgo(t = 1) = wg(# = 0)). This corresponds to
the case of a pure quaternary effector and requires the two effector-related parameters.
Ko[P| and Kgeoxy|P]. Since such an effector changes the parameter K, to
Kol -+ K geoxy| PDJ(1 -+ K, |P)) (Herzfeld & Stanley, 1974), for a single value of
[P], we effectively need only one additional parameter, (1 + K o[ P1)/(1 + Koy PDT.
However, we could not achieve a satisfactory fit to the data for unstripped Hb by
varving just this one additional parameter. We next re-fitted the stripped data
simultaneously with the unstripped data by varying the three parameters Kq, g
and (1 + KOXY[P])/(l -+ Kdeoxy[P]). (wgr, Kgp are fixed as in the calculation of
Figure 4(a).) This procedure also does not result in a satisfactory fit. (ii) The phos-
phates were considered to alter the conformational constraints, in addition to shifting
the quaternary equilibrium, but are assumed not to affect the time scaling parameter,
wgr ((gr.e > 0, wgp(f = 1) = wgp(f = 0)). Since in this case the conformational
equilibria of the differently ligated species are shifted by different amounts (eqn 28).
we need three effector-related parameters K ,,[P], Ko0xyl P] and 6q(1). The results
of this calculation for O, binding to unstripped hemoglobin are shown by the solid
curves in Figure 4(b). We see that, whereas curves corresponding to high total O,
concentrations agree reasonably well with the data, the curves corresponding to low

deoxy

+ Note that a single parameter can only be used if [PJa) is high enough so that we can regard
[Pliree 88 constant in time. For the data under consideration this condition should hold.
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O, concentrations do not. (iii) The phosphates were considered to affect the time
scaling parameter for the deoxy quaternary conformation wgr(deoxy) but not alter
either wgr{0xy) or the quaternary conformational constraints. {Gq; 5 = 0, wgr(deoxy,
fi = 1) # wgp(deoxy, i = 0), wgr(oxy, 7l) = wgr(deoxy, # = 0)} again requiring
three effector-related parameters K ,,,[P], K geox,[P] and wgr(deoxy, # = 1). This cal-
culation, whose predictions are similar to those of Figure 4(b), corresponds to the
assumption that, whereas in the absence of phosphates wgr is independent of the
quaternary conformation, the binding of phosphate alters wgy for the deoxy con-
formation, leaving wg for the oxy conformation unaltered. Since very little phosphate
is bound to hemoglobin molecules in the oxy quaternary conformation our results are
essentially unchanged on allowing for an effect of phosphate binding on wg in the oxy
quaternary conformation.

{(iv) Finally, we consider the case where the phosphate binding, in addition to
altering the quaternary equilibrium, alters both the conformational constraints,
and the time scaling parameter wgr(deoxy). In this calculation (Fig. 4(c)) four of the
eight parameters used, Kgq, Oqr, Kq, wgp(0xy, ## = 0) = wgp(oxy, i = 1) = wgr
(deoxy, # = 0), are held constant at the values determined from the calculation of
Figure 4(a) and the four effector-related parameters K gqq[P], K, [P, 8gz(1) and
wgp(deoxy, # = 1) are varied to obtain the best fit to the kinetic data for unstripped
hemoglobin.

A comparison of the calculated curves of Figure 4(b) and (c) indicates that the
effects of altering conformational constraints and the time scaling parameter
wgr(deoxy) show up in the fit to low O, concentration data and consequently these
effects influence primarily the earlier steps of the ligand binding reaction. Figure 4(d)
shows the predicted equiltbrium oxygenation curve for both stripped and unstripped
hemoglobin using the parameters obtained by fitting the kinetic data of Figure 4(a) and
(¢). The predicted curves are compared with equilibrium data for stripped and
unstripped Hb (Gibson, 1970a; Roughton & Lyster, 1965). The agreement between
theory and experiment is somewhat better for stripped hemoglobin than for un-
stripped hemoglobin.

In the calculations shown in Figure 4 we consider the « and B subunits to be
equivalent. Gibson (1970a) and Hopfield ef al. (1971) bave also analyzed the same data
assuming equivalent subunits. However, the Adair approach used by Gibson (1970a)
requires two sets of eight rate constants, one set for the reaction of O, with stripped
Hb and the other set for the reaction of O, with unstripped Hb. In Gibson’s calcula-
tions, the two rate constants corresponding to the last step of ligand binding were
fixed at previously determined values. The Monod-Wyman-Changeux model used by
Hopfield et al. (1971) requires five parameters to describe the reaction with stripped
hemoglobin and three additional parameters (i.e. 8 total) to treat the reaction with
unstripped hemoglobin. However, Hopfield ef al. neglect the phosphate binding to the
oxy quaternary conformation. We find that although K., is considerably smaller
than K ;oox, it is significantly greater than zero. Note that if in our model we were to
neglect phosphate binding to the oxy conformation, we would have seven adjustable
parameters (one less than Hopfield et al. require). Moreover, if [P] were known for
the data of Figure 4(b), the parameters determined by us could be used to calculate
the kinetic curves at any other phosphate concentration. Such an extension is not
possible for the methods used by Gibson and by Hopfield et al.—they require a new
set of rate constants for each phosphate concentration.
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Fig. 5. The calculated time dependence of C;, the fraction of molecules with ¢ ligands bound
(¢=0, 1, ..., 4), produced in the reaction of O, with stripped and unstripped hemoglobin,
C; = [Hby(0,),]/[Hby)iora1- The curves shown in (a) are calculated for the reaction of stripped
Hb ([Hbylorer = 13:25 um) with O ([O:] is indicated in each panel) using the parameters of
Fig. 4(a). The curves shown in (b) are calculated for the reaction of unstripped Hb ([Hb,]iota: -
10-375 um) with O, using the parameters of Fig. 4(c).
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Figure 5 shows the time dependence of the concentrations of the various species
Hb,(0,);,i = 0,1, ..., 4, produced in the reaction of stripped and unstripped hemo-
globin with different concentrations of O,. Notice that the contribution of the species
with 0 and 1 molecules bound is much greater for the reaction at low O, concentration
as compared to the reaction at high O, concentration. It is due to the relatively low
contribution of these species to the reaction at high O, concentration that the oxygen-
ation data at high Q, concentrations can be reproduced well even if the combined
effect of phosphates on the strength of the conformational constraints and the time
gealing parameter wg(deoxy) is neglected (cf. Fig. 4(b)), since these effects primarily
influence the rate constants &, and k..

7. Deoxygenation of Oxyhemoglobin in the Presence of Organic Phosphates

The data analyzed in this section are for deoxygenation of completely oxygenated
hemoglobin by the addition of dithionite (Na,S,0,) in the presence of varying con-
centrations of P,Glyc and THP. The observed rate of dissociation of oxygen is about
10 to 30 s~ at 20°C (Gibson & Roughton, 1955; Salhany ef al., 1970; Gray & Gibson,
1971). Therefore, the quaternary conformational equilibrium may be assumed to
be rapid compared to deoxygenation (as well as compared to oxygenation). The
organic phosphate binding equilibria are also rapid (compared to deoxygenation)
for P,Glyc (Gibson, 1970b) and THP (Gray & Gibson, 1971). In analyzing the dithion-
ite deoxygenation experiments, we assume that dithionite reduces the effective con-
centration of free O, to zero so rapidly that we need only consider the off rate con-
stants k, (k,; if o % B) as contributing to the reaction. When dithionite reacts with
excess oxygen, the reaction rate is virtually independent of oxygen concentration
(zero order in O, and first-order in Na,S,0,; Lambeth & Palmer, 1973; Morello et al.,
1964). According to Lambeth & Palmer the zero order rate constant is 1-7 s~! at
pH 8-0 and 20°C, whereas Morello et al. obtain a value of 42 s~! at 37°C and pH 13.
Since the reaction of dithionite with oxygen is faster at pH 7-0 than at pH 8-0 (Hart-
ridge & Roughton, 1923), we arrive at an approximate upper limit of 5 ms for the
time during which O, is effectively reduced to zero for the data considered here.

(a) Deoxygenation in the presence of 2,3-diphosphoglycerate

Figure 6 shows the data of Salhany et al. (1970) for the deoxygenation of Hb,(0;),
by the addition of dithionite in the presence of varying concentrations of P,Glye.
The data are plotted as the fractional saturation of hemoglobin with oxygen versus
time. The solid curves represent the best least-squares fit to the data obtained by
solving the rate equations corresponding to the reaction scheme of section 5(b) for
equivalent subunits, with the rate constants given by equations (23) and (26) to (31).
Since in the deoxygenation reaction we consider only the contribution of the off rate
constants, the Adair rate constants at any concentration of P,Glyc can be described
in terms of only five parameters (K g, K., R ooy ws, Ogr) if PyGlyc is considered
purely as a quaternary effector. If P,Glyc affects the conformational constraints we
need six parameters, because Ogr(# = 1) 7% 84¢(# = 0). The solid curves shown in
Figure 8(a) are calculated considering P,Glye to be a pure quaternary effector only.
The five parameters are determined by fitting the theory to the data for the extreme
curves, i.e. [P,Glyc] = 0 and 0-5 mM. These same five parameters are then used to
calculate the intermediate curves, [P,Glyc] = 005 mm and 0-25 mm. In caleulating
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F1e. 6. A comparison of the calculated deoxygenation curves with the data of Salhany et «l.
(1970) for the deoxygenation of oxy Hb by dithionite in the presence of P,Glye at pH 7-0 (0-05 M-
trishydroxymethylaminomethane - HCl buffer), 24°C, [Hb] = 0-05 mMm (by heme), [NayS,0,]
= 0-19%, total [P,Glyc]: (O) 0-0; (@) 0-05 mm; (A) 0-256 mm; and (+) 0-5 mm. The curves in (a)
are calculated assuming identical subunits and considering P,Glye to be a quaternary effector
only (see text) with wgy = 147-5 571, fgr = 0-9403, K, = 4-468x 10%, K, = 32 mm~1, Kyppyy

21-3 mm 1,

The curves in (b) are calculated assuming identical subunits and considering P,Glyc to alter
both the quaternary conformational constraints and the kinetic parameter wgr(deoxy) in addition
to being & quaternary effector. The 7 parameters are wgp(fi = 0) = 137-0 s~!, wgr(deoxy, 1) =
1640 571, Ogp(1) = 0-9420, 0g1(0) = 0-9305, Kg = 8-684x 108, K .. == 0753 mM 1, Kaoouy
32-28 my ~ 1.

the deoxygenation reaction with the intermediate concentrations of P,Glyc we have
taken into account the variation of [P,Glyc].,. with time. Thus the off rate constants
decrease as the reaction proceeds. The agreement between the calculated curves and
data is very good, giving us confidence in the predictive ability of our approach.

No improvement in the fit was obtained by considering that the binding of P,Glyc,
in addition to shifting the quaternary equilibrium, also alters the conformational
constraints (6-parameter fit). Similarly no improvement in fit is achieved by consider-
ing the binding of P,Glyc to affect the time scaling parameter, wgyqy (also a 6-para-
meter fit). or by considering the binding of P,Glyc to affect both the conformational
constraints and the parameter wgr(deoxy) (a 7-parameter fit). The latter fit is shown
in Figure 6(b). Since the deoxygenation reaction is not very sensitive to the rates of
dissociation of the last two O, molecules (i.e. to the rate constants &, and k, of the
Adair scheme). and since the effects of altering the quaternary conformational
constraints and varying wgr(deoxy) upon the binding of P,Glyc are mainly exerted
on k; and k,, it is not surprising that the calculations shown in Figure 6(a) and (b)
both agree equally well with the data.

For these data we find that allowing for inequivalent subunits (7 parameters)
also does not lead to any further improvement in the fit. This feature will be further
discussed in section (b), below.

{(b) Deoxygenation in the presence of inositol hexaphosphate

Figure 7 shows the data of Gray & Gibson (1971) for the deoxygenation of Hb,(0,),
by dithionite in the presence of varying amounts of IHP. These data are also plotted
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Fic. 7. Experimental data of Gray & Gibson (1971) for the deoxygenation of oxy Hb by dithion-
ite in the presence of ITHP at pH 7-0 (0-05 M-bis-Tris buffer), 22°C compared with the theoretical
kinetic curves. The eoncentration of Hb is 25 um, and that of dithionite §-2%,. Total [IHP]: (O)
0-0; (A) 30 pv; ((J) 60 uvt; (A) 90 puM; (@) 24-0 pm. The theoretical curves shown in (a) are
calculated by considering equivalent subunits (x = B) with the parameters wgr = 5560 s~ 1,
Oqr = 0-9866, Kq = 3-08 x 101, K, = 0094 un~1, Ryppy = 7261 pm—1.

The calculation shown in (b) allows for inequivalent subunits (« 5 B). The theoretical parameters
(see section 5(c) for discussion of parameters) are wgp = 18 571, wET = 1384 5-1, 65 == 0-9496,
08y = 0-9873, Kq = 5327x10%, K, = 0-269 um~1, Ryppry = 1831 par-2,

as the fractional oxygenation of hemoglobin versus time. The calculated curves for
the case of equivalent subunits (x = B) are obtained by solving the rate equations
corresponding to the reaction scheme of section 5(b), with the rate constants given
by equations (23) and (26) to (31). When the subunits are considered to be inequivalent
(« 7% B) the appropriate equations are obtained from the reaction scheme of section 5
using equations (32) and (33).

Figure 7(a) compares the calculated curves for the case x = 8, where IHP is
considered to be a pure quaternary effector, with the data. The five parameters
wgrs Kg» Koxgs Kgeoxy and Ogr were varied to achieve the best least-squares fit to the
data. The agreement with the data is not very good and only slight improvement is
obtained upon including the possibility that (i) IHP binding alters the conformational
constraints (6 parameters), (ii) IHP binding alters the time scaling parameters,
wgp (6 parameters), (iii) IHP binding alters both the conformational constraints and
the time scaling parameters, wgy (7 parameters).

However, when we consider the possibility of inequivalent subunits (x % B) a
significant improvement is obtained (Fig. 7(b})). Here IHP is treated as a quaternary
effector only. The seven parameters wgy, wly, 657, 0m Kq, Koxys Kaeoxy Were deter-
mined by simultaneously fitting the deoxygenation data for all five concentrations
of ITHP. No further improvement of any significance is obtained by considering the
effects of IHP binding on the quaternary conformational constraints and on the
time scaling parameter, wg.

These results suggest that the « and B subunits may be kinetically inequivalent
with respect to the reaction with O, in the presence of IHP. That this inequivalence
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does not appear with P,Glyc may be due to the fact that, whereas IHP affects the
limiting rate constant in the deoxygenation reaction (i.e. ky = (k3, - k5,)/2, the
rate of dissociation of the first O, molecule from Hb,(0,),) P,Glyc does not. In this
analysis we have identified the subunit with the greater value of k,; as the B subunit,
in accordance with the results of Olson et al. (1971).

The variation of [IHP),,,, during the course of the reaction is taken into account in
the above calculations. The biphasic deoxygenation, seen when [IHP], ., is com-
parable to [Hb,],o1a;, occurs due to the fact that [IHP],,.. decreases as the reaction
proceeds, causing the rate constants k,; to decrease with time.
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Fi1a. 8. (a) The calculated time dependence of Cy, the fraction of molecules with i a-subunits
and j B-subunits liganded, produced in the deoxygenation of oxy Hb ([Hbslioar = 6:25 um) by
dithionite in the presence of 9-0 um-THP (C,; = [(«X); (BX);1/[Hbylora1)- The parameter values
used in this calculation are the same as those used in Fig. 7(b). (——~-—— } Shows the variaticn
of [THP Yoo/ ((THPY re0 oy t=0) With time. Cy, is less than 10-° and cannot ke displayed on either
seale.

(b) The relation between the fraction of THP bound, figp, and the fraction of Oy released,
(1 — Y,,), calculated using the parameters of Fig. 7(b). Also shown is the fraction of P,Glyc
bound versus the fraction of O, released for the deoxygenation data shown in Fig. 6. The cal-
culation is based on the parameters of Fig. 6(a).
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The binding of THP to the oxy conformation is significantly greater than that of
P,Glyc. The value of the binding constant K., obtained from the analysis of the
deoxygenation data in the presence of IHP agrees with the experimental measurement
of Gray & Gibson (1971), and the value of K4,y is within the range of their estimate.
The parameters of the theoretical curves shown in Figures 3(a), 4(a) and (c), 6(a) and
(b), and 7(b) are summarized and discussed further in Table 1.

A close examination of Figure 7(b) shows that there is a systematic discrepancy
between the calculated curves and the data near the end of the reaction. The data
show the presence of a slow phase, which is not reproduced by the calculations For
the hemoglobin concentration used in this experiment, approximately 109, of the
oxyhemoglobin could be present as dimers in the absence of IHP (Gray & Gibson,
1971); the fraction of dimers would be less in the presence of IHP (Gray, 1974). Since
we have not included the dissociation of hemoglobin, the observed discrepancy could
be due to slow absorbance change associated with dimers (Kellett & Guttfreund,
1970). Although our model can be straightforwardly extended to include dissociation,
good estimates of the parameters involved are not possible without data over a wide
range of Hb concentrations.

Figure 8(a) shows the time dependence of [IHP);., and the concentrations of
the variously liganded species produced in the deoxygenation reaction in the presence
of THP with the subunits considered inequivalent. Note that the concentrations of
some of the intermediate species are very small compared to the fully liganded and
fully unliganded species.

Figure 8(b) shows the fraction of IHP bound wersus the fraction of O, released
(1 — Y,,), calculated using the parameters of the fit shown in Figure 7(b). Also
shown is the fraction of P,Glyc bound versus (1 — Y,,) calculated using the para-
meters of Figure 6(a). Note that in the deoxygenation experiment O, release lags
behind the binding of organic phosphate. The lag is more pronounced for IHP binding
than for P,Glyc binding. As discussed in section 6(a), most of the phosphate binding
occurs after the switch to the deoxy quaternary conformation. Table 2 indicates that
this switch occurs prior to the release of the second O, molecule, and occurs somewhat
sooner in the presence of IHP than in the presence of P,Glyc. Taken together these
results indicate that the lag in the release of O, as compared with the binding of IHP
or P,Glyc is related to the switch to the deoxy quaternary conformation. Deoxygena-
tion experiments using the fluorescent analog HPT could potentially verify this
prediction.

8. Effect of Organic Phosphate on the Adair Rate Constants

The reaction scheme of section 5(a) reduces to the Adair (Gibson & Roughton,
1957) scheme if the conformational equilibria and the organic phosphate binding
equilibria are rapid compared to the ligand binding equilibria. The eight rate con-
stants of the Adair scheme at a given phosphate concentration, [ P]; ., are given in
terms of the parameters wgr(q, #), Kgr, 0g7(%), Kav Koxys Kaeoxy 804 [Pliree DY
equations (23) and (26) to (31). Similarly, as discussed in section 5(c), the 32 rate
constants of the Olson—Gibson scheme at a given phosphate concentration can be
expressed in terms of the parameters of the model and [P];,,, by equations (32) and
(33).

Table 3 gives the Adair rate constants for the reaction of Hb with CO and for the
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reaction of O, with stripped and unstripped hemoglobin, calculated using the para-
meters of the fits shown in Figures 3(a), 4(a) and (¢). We see from Table 3 that the
presence of phosphates decreases the on rate constants, increases the off rate con-
stants (and decreases the equilibrium constants), in agreement with previous results
(Gibson, 1970a; Tyuma et al., 1973). The rate constant k, is essentially unaltered
while k, decreases slightly in the presence of phosphate. The largest effect, according
to our calculation, is on the rate constants k;, ks and k,. k; and k; are only slightly
altered—actually %, increases slightly in the presence of phosphates. We find that k&,
is affected the most, whereas Gibson (1970a) obtained the greatest effect on k,. The
significant decrease of k, and increase of k, is related to the fact that for these data
the binding of phosphates has the greatest effect on the conformational equilibrium
of the species with two ligands bound, as can be seen from Table 2.

Figure 9 shows the dependence of the dissociation rate constants, k;, on [P,Glyc]; -
The calculation shown in Figure 9(a) uses the parameters obtained by treating P,Glyc
purely as a quaternary effector; Figure 9(b) corresponds to the case where P,Glyc
alters the conformational constraints and wgp(deoxy) in addition to shifting the
quaternary equilibrium. An examination of Figure 9(a) shows that for a quaternary
effector the rate constants k, and k, are essentially unaltered by increasing the

300
250 |- ks
200 |-
<
3
10 /"”‘4——7:)
2 1 | l |
i,
£ 350
Z Ky, ko
% 300
s
(] ks
£ 250}
ot
200
- ‘$
ok
k.
10 4w
7 L { | i 1
0o ol 02 03 04 05
P, Glyc (mMm)

Fia. 9. Effect of P;Glyc on the rate constants of the Adair scheme. Shown in (a) is the dependence
of the rate constants k; and k, of the Adair scheme on [P;Glyc]e, calculated on the assumption
that P,Glyc is only a quaternary effector. The parameters used are those of Fig. 6(a). As discussed
in the text, the rate constants k, and k&, are not significantly altered if P,Glye iz considered purely
as a quaternary effector (k, = k; = 286 s~1). Shown in (b) is the dependence of %, k,, k; and k,
on [PGlycliyee calculated using the parameters of Fig. 6(b). In this calculation the binding of
P,Glye, in addition to stabilizing the deoxy quaternary conformation, also strengthens the
quaternary conformational constraints (fqr(1) > 8gr(0)) and increases the time-scaling parameter
wgr{deoxy). Note that all rate constants are expressed on a per heme basis.
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concentration of P,Glyc; k; is affected the most and k, increases slightly. Since
Soooxy = fdooxy = S0y = 1 (cf. Table 2), the binding of P,Glyc cannot further in-
crease the fractions of these species in the deoxy quaternary conformation and thus
will not affect the rate constants associated with these species. However, when we
consider P,Glyc to alter the conformational constraints and wgp(deoxy) then the
individual subunit dissociation rates k; are themselves affected by P;Glyc binding
(eqn 23). In this case k, and k, also increase with increasing phosphate concentration,
as shown in Figure 9(b). However, in both cases the dissociation rate constant most
affected by P,Glyc binding is k5, the rate of dissociation of the second O, molecule.
This result is related to the fact that the quaternary conformational equilibrium of
the species with three ligands bound is affected the most by P,Glye.

Figure 10(a) shows the dependence of the rate constants kf; and kfj on [THP],..
Unlike P,Glyc, THP has a significant effect on k£,. The largest effect of IHP is on the
off rate for the release of the second O, molecule from fully liganded Hb (i.e. k3,
kfy, kgl, k‘fz). In the case of IHP, with inequivalent subunits (« % B), the increase is
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F1a. 10. Effect of THP on the rate constants of the Olson-Gibson scheme with inequivalent
subunits.

(a) The effect of increasing [THP],,,, on the off rate constants ko,, kg, and ko for the « and g
subunits caloulated using the parameters of Fig. 7(b). The subunit with the greater value of kg
is identified as the 8-subunit in accordance with the results of Olson et al. (1971). In this caleulation
THP was considered purely as a quaternary effector and thus the off rates from species with at
most 2 hemes liganded are not significantly affected by IHP; k§) = kg, = k% = 356 s~ 1; kf, ==
k{,g = kf, = 2750 s—*. As discussed in the test the values of kyy (i + 7 < 2) cannot be determined
very accurately from an analysis of deoxygenation data.

(b) The calculated variation in the ratio r§ = &' (IHP)/k’; (IHP = 0), and rﬁ = Ic'g (IHP)/Ic’g
(IHP = 0) with [IHP]s e, for ¢ 4 j > 3. This prediction should be amenable to experimental
verification. As in Fig. 9 all rate constants are expressed on a per subunit basis.
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greatest for dissociation from the species with one « and two 8 subunits liganded (i.e.
on k%, and k£,). It is the dependence of k,,, k,, and k,, on [THP),,, which causes
biphasic deoxygenation when [IHP],.. decreases significantly during the reaction.
If THP does not alter the quaternary conformational constraints and the kinetic
parameter wgy then k%), ki would not be significantly altered by THP. Hence
dependence of these rate constants (and the equilibrium constants K¢, K5 ) on THP
concentration would indicate an effect of IHP on the strength of the quaternary
constraints and the parameter wgr. However, the deoxygenation experiment is not
very sensitive to the rate constants k;;, ¢ 4+ j < 2, since the species (ox);(8x), with
i + j < 2 are produced in relatively small quantities, and these rate constants are at
least an order of magnitude larger than kS, and k&,. Thus, whether or not there is an
effect of THP on the conformational constraints can only be determined from an analy-
sis of O, binding data at low O, concentrations in the presence of varying amounts
of THP.

Figure 10(b) shows the predicted dependence of the ratio r§ = k'5(IHP)/kS
(THP = 0), (and rfj) on [IHP]:.,,. This ratio is independent of the parameter K3
(cf. eqn (23)) and can thus be calculated from the parameters obtained by an analysis
of deoxygenation data even though the on rate constants do not contribute to this
reaction. The decrease of the on rate constants in the presence of IHP agrees with
the results of Gray & Gibson (1971) and Gibson (1970a). The effect of THP on k; has
been measured by Gray & Gibson (1971) and our predicted result agrees qualitatively.
An analogous calculation was also done for the effect of P,Glyc on the on rate con-
stants using the parameters determined by fitting the deoxygenation data of Salhany
et al. (1970) shown in Figure 6. We find that contrary to the prediction of Gibson
(1970a), k, also decreases in the presence of P,Glye, although the decrease is less than
in the presence of IHP. Our calculation shows that k, will be affected by P,Glye if
the binding of P,Glyc increases f§¢°*¥, the fraction of molecules which are in the
deoxy quaternary conformation and have three ligands bound.

9, Concluding Discussion

We have seen that a kinetic model for hemoglobin based upon statistical mechanics
and upon the qualitative description suggested by Perutz (1970a,b) agrees well with a
wide variety of kinetic data (Gibson, 1970a; MacQuarrie & Gibson, 1972; Salhany et
al., 1970; Gray & Gibson, 1971). Incorporation of specific homotropic and heterotropic
interactions and use of the master equation formulation considerably reduce the
number of independent parameters that enter into the model, and at the same time
retain such important features of the Hb molecules as inequivalence of subunits and
differences in tertiary and quaternary conformation.

Whereas the Adair scheme requires a different set of eight rate constants for each
phosphate concentration, and the method of Tyuma et al. (1973), when extended to
kinetics, would require 21 parameters, our approach describes kinetic data over a
range of phosphate concentrations using a total of only six to eight parameters. For
example, we fitted the data of Salhany ef al. (1970) shown in Figure 6 with five ad-
justable parameters, whereas the Adair scheme requires 20 adjustable parameters
(4 dissociation rate constants for each value of P,Glyc). The five parameters were
determined by fitting data at [P,Glyc] = 0 and 0-5 mm. The fact that these same
parameters, when used to calculate the curves at intermediate [P,Glyc], are in good
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agreement with the data, may be regarded as a test of the predictive ability of our
approach, Allowing for inequivalent subunits increases the number of rate constants
in the modified Adair scheme to 32 for each phosphate concentration. whereas our
approach requires a total of 9 to 13 parameters (7 of which can be determined from
data in the absence of phosphate).

In the absence of organic phosphates the Perutz model used here to describe the
kinetics of Hb is mathematically equivalent to the Monod-Wyman-Changeux model
used by Hopfield et al. (1971). In order to explain data for unstripped Hb. Hopfield
et ul. chose a different set of values for Kg, k:ieoxy and kyeony (L, Tk" and Tk in their
notation). Since the quaternary equilibrium depends on the free phosphate concen-
tration the analysis of Hopfield ef al. not only would require a different value of K
for each total phosphate concentration but also would be inapplicable in cases where
[Plfee ¢hanges considerably during the course of the reaction (i.e. when [P, is
comparable to [Hbg]io.,). It would also not apply to those organic phosphates (e.g.
IHP) which bind significantly to the oxy, as well as the deoxy, quaternary conforma-
tion. Furthermore, the Monod-Wyman-Changeux model as used by Hopfield et al.
does not include the case where organic phosphate binding alters the quaternary
conformational eonstraints; our analysis shows that the constraint effect is particu-
larly important in analyzing kinetic data for unstripped Hb.

Chay & Brillhart (1974a,b) have analyzed equilibrium and kinetic data in terms of a
model which presumes a P,Glyc-induced inequivalence of the « and g subunits. This
model has not been adequately tested since only a small and selected set of data was
considered. Specifically, Chay & Brillhart only attempted to fit the kinetic data we
show in Figure 4. This choice is particularly unfortunate because, in addition to being
a limited choice of data, the data are only for stripped and unstripped hemoglobin
(l.e. at zero phosphate concentration and at one non-zero unspecitied value). It is
crucial to test any model of P,Glyc action against data taken over a wide range of
P,Glve concentrations, especially including intermediate concentrations where
[P,Glye]qs changes significantly during the reaction (cf. Figs 5 and 6 of Herzfeld &
Stanley (1974) and Figs 6 and 7 above). Another crucial test of their model would have
been to fit the equilibrium data of Heustis & Raftery (1972) for the dependence of
P,Glye binding on oxygen levels. Until the Chay-Brillhart model is tested against,
these cxisting data. it is impossible to judge the merit of the model.

The use of the master equation formulation introduces a major simplification by
factoring the rate constants into a kinetic factor and a purely equilibrium factor. This
allows one to assess separately the kinetic and equilibrium aspects of any effect. Since
the parameters are related to the molecular properties of the protein. one can utilize
data taken under a limited range of conditions to predict the behavior over a wide
range of conditions.

In sections 6 and 7 we have analyzed the effect of the organic phosphates P,Glve
and IHP (and the fluorescent analog, HPT) on Hb kinetics. These calculations show
that the primary cause of the observed decrease in the overall combination rate and
increase in the overall deoxygenation rate is the preferential binding of the organic
phosphates to the deoxy quaternary conformation of the Hb molecule. The preferen-
tial binding of organic phosphate to the deoxy quaternary conformation is a well
established fact (Benesch & Benesch, 1974, and references therein). In addition we
find that binding of P,Glyc strengthens the quaternary conformational constraints
and also increases the time scaling parameter wgp(deoxy). Whereas the strengthening
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of the conformational constraints has previously been found from an anlaysis of
equilibrium data (Herzfeld & Stanley, 1974), the increase in the time scaling para-
meter wgr(deoxy) is a purely kinetic effect. Both of these features primarily influence
the rate constant for the earlier steps in the ligand binding reaction and are thus
important in analyzing reactions at low oxygen concentrations. We suggest that
experiments designed specifically to measure the rate constants k;, k, (and the equili-
brium constant K ) of the Adair scheme, in the presence of varying concentrations of
organic phosphates, will bear directly on the question of the strengthening of con-
formational constraints and increase of wgp(deoxy). Our results suggest that the
inequivalence of subunits (« 5= B) is particularly important in analyzing kinetic data
in the presence of THP. Since we had explicitly included the dependence of the rate
constants on [P],., our calculations can also account for the biphasic deoxygenation
observed in the presence of IHP when [IHP];,,,, is comparable to [Hb,J;oa1-

The lag observed by MacQuarrie & Gibson (1972) between the binding of CO and
release of HPT agrees very well with the predictions of our model (cf. section 6(a)).
This lag—and also the analogous effects predicted by the analysis of deoxygenation
data in the presence of P,Glyc and THP (cf. Fig. 8(b))—is consistent with the possi-
bility that the switch from the deoxy to oxy quaternary conformation occurs approxi-
mately when the third ligand molecule binds (Heustis & Raftery, 1972; Gibson &
Parkhurst, 1968; Hopfield et al., 1971 ; Herzfeld & Stanley, 1974). The change in the
quaternary conformation occurs somewhat later in the presence of organic phosphates.
It is this increase in the fraction of molecules which have three ligands bound and are
in the deoxy quaternary conformation which gives rise to the marked increase in k;
in the presence of organic phosphates. However, the exact point of crossover can
occur at a different state of ligation, depending on the experimental conditions
{Hopfield et al., 1971); for example, the O, binding data analyzed in section 6(b)
suggests that for stripped hemoglobin there exists a substantial fraction of molecules
in the oxy quaternary conformation with only two ligands bound.

The dependence of the Adair (Olson-Gibson for « # B) rate constants on [P]e..
has been calculated for both P,Glyc and THP. Our results confirm the prediction of
Gray & Gibson (1971) that THP affects the rate constant for the dissociation of the
first oxygen molecule, k,, while P,Glyc does not. The presently available experimental
methods can only measure the effect of phosphates on k, and on the overall rate of
deoxygenation. Our analysis predicts that both P,Glyc and IHP have their strongest
effect on the rate of dissociation of the second O, molecule, k5. In the case of THP
with « 5% B, we find that the rates for dissociation from B subunits are increased
somewhat more than those for dissociation from the o subunits. The calculated values
of k, and k&, agree well with those determined by Gibson (1970a) and Olson et al.
(1971). We feel that, whereas k, and kg (kgq, ko and &y, for « == B) are well deter-
mined from our analysis of deoxygenation data, the values for the rate constants k,,
kg (ky, ¢ + J < 2) can only be regarded as estimates, since the deoxygenation reaction
is not very sensitive to these rate constants. Using the parameters obtained from the
analysis of the deoxygenation experiments, we have calculated the variation of the
ratio k; (organic phosphates)/k; (stripped) with increasing phosphate concentration;
this ratio decreases, in agreement with the results of Gibson (1970a). The experimental
observation of Gray & Gibson (1971) that k, is affected by IHP is borne out by the
calculation. However, contrary to the results of Gibson (1970a) we also find a slight
decrease in k, with increasing P,Glyc concentration. To test these predictions, as
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well as the constraint effect, an analysis of a series of O, binding reactions, similar to
those measured by Gibson (1970a) for stripped and unstripped hemoglobin, at different
organic phosphate concentrations, would be very useful—particularly because the O,
binding reaction is potentially capable of yielding more information and is also free
from any complications due to the side effects of dithionite.

The calculated values of the organic phosphate binding constants K,y and K seoyy
for HPT and THP are in good agreement with those determined by MacQuarrie &
Gibson (1972) and Gray & Gibson (1971). The value of K 4..,, for P,Glyc agrees well
with that obtained from the analysis of equilibrium data by Tyuma et al. (1973).
Although we have not performed extensive calculations to test the sensitivity of the
model parameters, our comparison of parameter values obtained by using different
initial values to start the process of minimization suggest that the parameters g,
K eoxy> wsp and K gy are better determined than K and K. (However, for IHP
and HPT, K, was fairly well determined.)

The chief merit of this statistical mechanical approach lies in the systematic
manner in which the detailed model can be modified to include other types of inter-
action. In this work we have considered the effect of organic phosphates in consider-
able detail. An analogous study of the kinetics of the Bohr effect (Bohr et al., 1904)
could be performed based on the formalism developed in section 4.

oxXy*

APPENDIX

General Form of the Transition Probability

The principle of detailed balance (eqn (4)) can be used to obtain a general solution
for the transition probability per unit time. For the transition s, - —s;, involving the
change in the substrate occupancy variable of the ith site, we have

Wgn(si > —s)) — Poy(81,82, «« oy =S4 . .., 845 Q) (Al)
WST(—Si -> Si) Peq(sla 82: e ey Sy, Sy Q) '

The above equation implies that if Wg.(s, > —s,) is expressed as a function of the
variable s;, f(s;}, then Wgq(—s; - s,) must be the same function of —s;, i.e. f(—s,)
(Glauber, 1963). Using the expression for P,  for the Perutz model (eqns (3) and (8)),
and cancelling common factors, we obtain

Werls; = —s)) — exp{$p(Gs + Gr + Ggr — 1g)ss yexp(—BGqrgs,)
Wer(—si—>s8) exp{—4B(Gs + G1 + G — ps)si}exp(ﬁGQqui)'

(A2)

Since s; and gs; can only take the values -1 or —1 we can use the Euler identity,
exp 4X = cosh X (1 4 » tanh X), where % = +1 or —1, (A3)
to express each of the exponentials appearing in equation (A2) in a form linear in the
variables. Thus,
Wer(s; > —s) (1 + s,050)(1 — gs,0qr)

= X A4
Wgp(—s;—s)) (1 — 8,8gr)(1 + gs,0qr) (A
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Here 031 and 0, are the hyperbolic tangents defined in equation (11). From equation
(A4) we see that Wgi(s; > —s;) is a function of the variables s;, ¢ and g¢s,. Since s,,
7 and gs; can each take only the two values +1 or —1, all functions which can be
expanded in a power series can be expressed in the general form f(u) = a(l -+ bu)
where % may be +1 or —1. This is true because u?® = 1 and *"*! — u where » is
any integer. Hence Wgq(s; > —s;) is most generally written as a linear combination
of the variables s;, ¢ and gs,,

Wgn(s; = —s;) = d(1 + as; + bs,g + cq), (A5)

where d, a, b and ¢ are constants. Notice that the transition probability Wgq(s; = —s;)
does not depend on s;(j 7 ¢) because in the Perutz model there is no direct coupling
between events at one subunit and its neighbors (i.e. no tertiary—tertiary interactions).
The general expression (eqn (A5)) must satisfy the detailed balance condition,
(eqn (A4)). Substituting from (A5) into (A4)
(I + as; + bsig +cg) (1 + O508,)(1 — 0q189)

= . A6
(1 — as; — bsig + ¢q) (1 — Ogpsi)(1 + Oqrsi9) (46)

The above equation can be simplified by cross-multiplication to give
si(@ — Ogp + clgr — blsrbqr) + 5,9(b + Oor — cOsy — abgabar) = 0. (A7)

Since equation (A7) is true for all values of s; and g; we obtain two independent

equations corresponding to ¢ = -1 and ¢ = —1, respectively. These are
(@ -+ b)(1 — Osqbqr) + (¢ — 1)(0gr — Osp) =0 (A8a)
and
(@ — b)(1 4 Ogrbqr) + (¢ — 1)(bgr + Ogr) = 0. (A8b)

Solving these equations for @ and b in terms of ¢, 85 and 841 we obtain

a = 0gr — ¢'Ogp(1 — B2p)/(1 — 0500%1)

b= — oz + Banll — Bp)/(1 — B2:8y), (49
where ¢’ = ¢ - 0g10gr.
Substituting from equation (A9) into equation (A5) we obtain
Wer(s; = —s;) = k(1 + ag)(1 + s,0gp)(1 — s:90g7), (A10)
where
k=d(l — 0568, + ¢'Os00q0)/(1 — 05:657) (Alla)
and
a=¢[(1 — 03,087 + ¢ O510q1). (AllDb)
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